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Thermal equilibrium dynamics
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Symmetry of action
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Real-time dynamics

Finite-time experiment
O(t)

m | — 1
0 14

Ex: non-relativistic real scalar in 0+1 dim
2

H(t) = 5~ + V(1 A(1)

~ Equilibrium conditions

 prepare Gibbs-Boltzmann statistics po = e M / Zo
- isolated: wait (thermalization)
- or couple thermostat bath

e evolve with
- same H = const.

- same bath, 3




Stochastic thermodynamics

_» single trajectory

* work W¢
* heat QY
* entropy S"'[¢)

* First law
AE = W] + QY]

* Second law

AS = B[] + S™ (Y]
N——

mat2¢ = —V'(¥,A(t)) -0 + &(2) on average (S [¢]) > 0
* Isolated system: Clausius inequality

W .= W[]) — AF >0




Stochastic thermodynamics

Fluctuation Theorems

P(Sirr) — Pr(_Sirr) eSi”

nature Gallavoti Cohen (1995)

Verification of the Crooks fluctuation theorem and .
recovery of RNA folding free energies Work fluctuation theorems

D. Collin**, F. Ritort®, C. Jarzynski®, S. B. Smith?, I. Tinoco Jr* & C. Bustamante™®® P W . P W ,B (W_AI.)
—_— r\— e

Force acting on bead

e Crooks (1999)
. Bead 1 e_'BA‘F = <e_ﬁw[¢]>
Extension oy

Jarzynski (1997)

Laser beam
Glass surfce

exp. review: Ciliberto (2017)



Quantum stochastic thermodynamics

How about quantum fluctuations?

2-point projective measurement Quantum jump trajectories
Wij = Ei(ts) — E;(0) " work WYl
* heat Q[

entropy  S"[¢)]

Mukamel, Esposito

Work fluctuation theorem

P(W) = P.(—W) PW=4F)
Kurchan (2000)

cQED: Murch, Lutz et al.



Stochastic equilibrium dynamics
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1 Model B
g%%ﬁ@m@w e+ 80 = ¥ (SEREN »rRApIT- o)
— Martin-Siggia-Rose-Janssen-de Dominicis
210.J) = [Dip,dle-Stedirsaeiir i
S = Sclosed + Sdissip
Sclosed = /dt i) [mOyp + V' ()] + B (%m(@tw(O))Q + V(¢(0))> — BFo
Sdissip =1 /dt 1"7@ [8t¢ - T”ﬁ}

- log(initial probability)




Equilibrium symmetry

Time-reversed fields: 1), (t) := ¢ (ty —t)

Field transformation

B o) v
T { i) s it + B0 oWl St

Invariance of the action

Chatelain (2003)
Aron Biroli Cugliandolo (2010)

. ~ T . . Aron Barci Cugliandolo G-Arenas Lozano (2014)
/dt JU + Ji — /dt Jrp + Jiliy — B0 Aron ... Lozano (2016)
~ T
217,J) =

Follow the sources

Z[Jy, Iy + B0y ;]

— Fluctuation-dissipation theorems

R(t,t") = R(ty — t,tr — t') + BOp C(ts — t,ty — 1)




Symmetry breaking out of equilibrium

Time-dependent non-equilibrium drive: V() — V (1, A) o WY
g e
e O

T oasWy
Variation of the action under 7 \iea®

Sclosed [wa )\] '7_-6> Sclosed [wv )\r] @@\V(w, )\r) — BAFr )\r(t) = A(tf - t)

Sdissip W] '7_-% Sdissip W]

Broken Ward identities
(O (1)) = (Ot (t)) e FVHHI=AF)),

— Work fluctuation theorems

POV)  _ soviwl-ar)
Pr(_W)




Quantum equilibrium dynamics

| 2
By ex: H = + V() (H,0] =0

2m

Tentative symmetry traw

pE() = (b — t £16/2) t .

VRS

manifestly not symmetric



Complex-time reparametrization

— change of frame: R,

[ (t)) = OO (1)) O(t) « C
0

A\

= [av® e OO o) el
)

H t) N e—i@(t)H(t) [H(t)—i@t] e—|—i0(t)H(t)

new close-time contour

t—1=t+6(¢) P(t) = P(7)

Follow the sources

ex: /dt Tt B /dt J e 10H )yt tiOH




Symmetry of equilibrum

Equilibrium conditions: H= const, pg = e
Choice of frame/contour: 6(t) = +i3/4

Action: iS[y] = i/dT Ly(T)] + BFo

Cp

B(F—H)

ImT

Field transformation

Tg: ¢=(1) = P& (te — 7 £16/2)

Invariance of the action

S[] V3 S[y

KMS symmetry

Zit @, -] L

ZIT(ts —t +16/2), T~ (ts — t —i6/2)]

R-1oTz0R
G *tt) P =

Fluctuation-dissipation theorem

Gt (te —t' +iB/2,t —t —18/2)




Symmetry of equilibrum

Open quantum systems
— Caldeira-Leggett bath

H = Hg + Hsp + Hp

2
Hqy=—4+V
S 2m+ (¥)
2
- 1
Hp = | 2]:7; +§mwz2qz2
1
Hgp = chi(% _¢)2

Im7
i E Cs
IZZT + Qﬂ(t)
T PRy I
—iB/4
—16/21. B
Saissip = Jo dr[dr" Y™ (7 ( )Y (1)
+ def dr’ = (1)K (t — ")y~ (7)
+ [dr[d7’ ¢+(7')K(7' — 1Y~ (77)

K(7) ::/de J(€) [coth(Be/2) cosh(ieT)—sinh(ieT)]

Field transformation

Tp : ™ (1) = ™ (8 — 7 £16/2)

Invariance of the action

Sdissip W] TB SdlSSlp W]

Yeo (2019)



Symmetry breaking out of equilibrium

Non-equilibrium time-dependent drive: H — H (1)

2
ox H(f)= 2+ V(W)  H(t)= / da h(z) + A(1)O
R [
? Thermal frame: non-Hermitian evolution
17 Ht = H — fH/*ige=BH/4
= H — (H"‘)T
Hw— H.=— + V(i \) Ar(t) := Aty — 1)
2m
-1 e o o
R/B .
% Variation of the Kadanoff-Baym action under Rgl o ’7'5 oRg &_ﬁevegs?o"-\‘w
. . - \'
iS[] > iSe[8] € B(AF: — Qulp]) ¥ goosur®®

with B[] = /dt <¢+(t)|(5|¢+(t)> + /dt (W~ (t) |y~ (t)) b eR




Symmetry breaking out of equilibrium

5o GPH/? [EG—BH] oSH/2
dt

* Semiclassical expansion

, 1

&~ BOH + 5(5/2)2[H, H,[BOH]|| + ...
* Spatially extended

§ S vLr X Bh

Non-locality in time

Bh/2
(6) = / dr Tr[0: H p(t +iT)] —» T ~ Bh
—Bh/2

*  Weak Clausius-like inequality
fator» 8oz sar ()




Symmetry breaking out of equilibrium

Non-equilibrium time-dependent drive: H — H (1)

2
ox H(f)= 2 +V(A0)  H(t)= / da h(z) + A(1)O
7 Thermal frame: non-Hermitian evolution
17 Ht = H — ¢fH/4ip,e~BH/A
= H — (H+)T
Ts 2
\ Hs Ho= " v, \) A () = At — 1)
2m
R/B [ ) o o

#Work fluctuation theorem
P(W) = P,(-W) fWV-27)




finite-time fluctuations: care for boundaries

classical thermal

quantum

Equilibrium
symmetry

MSR

3 S[y)

N\

S[e)

Kadanoff-Baym
N\

7251 ‘ R
~ 1 T
‘Thermal’ frame S[¢] — S|¢)]

Fluctuation-Dissipation Theorems

Non-equilibrium
symmetry breaking

/

work Fluctuation Theorems

iS[Y] = 1Sk [Y] + B(AF — Q. [Y])

non-Hermitian dynamics
work Fluctuation Theorems



