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MOTIVATION

1. Understand open quantum dynamics where environments are strongly coupled 
and have long-term memory.  

Deriving local open EFTs in perturbative settings is challenging. AdS black holes provide fast 
scrambling environments which allows a Born-Oppenheimer approximation. 

2. Derive an effective field theory of relativistic hydrodynamics from gravity, using 
the fact that planar AdS black holes have long-lived hydrodynamic modes. 

Much of the insight into hydrodynamics from AdS/CFT has been at the level of retarded 
response and transport. This has inspired an independent construction of hydrodynamic EFTs. 
Direct derivation of hydrodynamic effective actions from gravitational path integral? 

3. Algorithm to compute real-time response functions and associated quantum 
statistical (Hawking) fluctuations for thermal holographic CFTs. 
 
How does one see that black holes have thermal behaviour respecting fluctuation/dissipation 
relations without recourse to Euclidean techniques?



OPEN QFT PARADIGM
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Integrating out environment, probe dynamics 
described by a quantum channel

What is the effective field theory of such quantum channels?

Feynman, Vernon ‘63   

Influence functionals constrained by microscopic unitarity

✴ The open quantum effective field theory of the probe has non-trivial information 
packaged in the influence functionals (IF).
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LINEAR DISSIPATIVE SYSTEMS

Caldeira, Leggett ‘83
✴ Quantum Brownian motion: free probe coupled to a thermal environment
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✴ Effective dynamics of probe is Langevin, captured by a Schwinger-Keldysh action 
with non-trivial influence phase
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Fluctuation dissipation relation

Martin, Siggia, Rose ’73,  de Dominicis, Peliti  ’78,  Janssen ‘76

➡ Non-Gaussian environments can be analyzed in quantum mechanics, and the problem can be studied 
holographically as well (string probes of AdS black holes). 

de Boer, Hubeny, MR, Shigemori ‘08

Son Teaney ‘08

Caron-Huot, Chesler, Teaney  ‘11

Chesler, Teaney  ‘11

Chakraborty, et. al. ‘19
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GENERAL FEATURES OF INFLUENCE FUNCTIONALS

✴ Focus on coupling a simple quantum field to a thermal CFT
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Figure 1: A comparison of the (a) thermoÞeld double and (b) Schwinger-Keldysh complex time contours for a
system prepared in a thermal state. The starting and end points of the contour are identiÞed. The associated
Euclidean (imaginary time) periodicity is set by the inverse temperature! .

is prepared in a thermal state. We wish to know how the gravitational dynamics Þlls in an
asymptotic Schwinger-Keldysh contour shown in Fig.1(b). This question has been considered
by many authors in the AdS/CFT context over the years. In [ 18] the Þrst proposal for
computing real-time correlation functions was given. These authors posited that one should
consider the future half of the domain of outer communication of a Lorentzian black hole
spacetime, and impose ingoing boundary conditions on the future horizon to extract causal
observables (retarded GreenÕs functions). In addition they also argued for the absence of any
boundary contribution from the horizon. This prescription was justiÞed shortly thereafter in
[19] using the maximal Kruskal extension of the black hole geometry (the logic was to exploit
the analytic structure taking inspiration from the Euclidean thermoÞeld double construction).
One limitation of this approach was that it was well adapted to the computation of two-point
functions, but it left implicit how to obtain higher point functions. Nevertheless, over the
years, various authors have attempted to use this prescription for various applications [20Ð25].

In order to explain the subtlety let us remind the reader how Euclideann-point corre-
lation functions in AdS/CFT are computed via Witten diagrams [ 26]. One Þrst computes
the appropriate bulk-boundary propagators for various external operator insertions. These
enable us to ÔevolveÕ the corresponding Þelds into the bulk with sources set by the boundary
conditions. One convolves the bulk Þelds thus obtained using the bulk interaction vertices
which are dictated by gravitational dynamics. Since the Þelds interact locally, one has to
integrate the position of the vertex over the entire Euclidean bulk manifold. Modulo the
choice of temporal boundary conditions one expects something similar for the computation of
real-time retarded observables. However, it is was a-priori unclear what domain of the bulk
geometry one ought to integrate the bulk interaction vertex over, even assuming that the
ingoing boundary conditions serve to pick out the appropriate bulk-boundary propagator.

This issue was addressed in [27, 28] who gave a more detailed prescription for real-time
computations, arguing that one should Þll in asymptotic Schwinger-Keldysh contours with
piecewise smooth geometries: real-time evolution sections of the boundary contour get Þlled in

Ð 5 Ð

L
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✴ The probe field acts as a source for the CFT 
operator.  

✴ Open field data can be obtained from the 
generating function                          of thermal 
correlators for the thermal CFT. 

✴ CFT correlators should respect SK collapse and KMS (fluctuation-dissipation). 

t
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GENERAL FEATURES OF INFLUENCE FUNCTIONALS
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Keldysh basis KMS adapted retarded/advanced basis
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Chaudhuri, Chowdhury, Loganayagam ‘18
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explored in [2] correlators computed using contact diagrams. The exchange diagrams do not
substantially alter the picture.

Consider for the sake of simplicity, a single Þeld! , whose dual operatorO has no long-
lived modes. We will also consider only the scalar correlators, and take the Þeld to have a
cubic vertex, with coupling " and no vertex function #! (r ) = 0. The bulk Lagrangian is then
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To write the generating functions in a compact form, we introduce the following notation:
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With the aid of ( 4.2) the generating function for the correlators takes the following form:
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I FFPP á(JF , JF , JP , JP ) + F $ P .

(4.3)

We have singled out the quadratic part of the generating function to make the dependence
on the retarded GreenÕs function of the operatorO manifest. In the process, we deÞned

K O (k) % K M ,! (k) . (4.4)

The cubic and quartic inßuence functionals for our model can be read-o! from the previous
section. For the quartic case, the sum over channels for the bulk exchange has been performed
in writing the above, so the functions I FFFP and I FFPP are suitable combinations of the master
integrals (3.43). The exchange of F and P labels, can be achieved by frequency reversal on
the corresponding 2-momentum, viz.,k & øk (for parity even systems).

The reader can conÞrm the analytic structure of the correlators are as predicted in¤2.3.
In particular, (nb: k = k3 + k4)

I FFP (k1, k2, k3) ' K O (k1) K O (k2) K O (øk3)

I FFFP (k1, k2, k3, k4) ' K O (k1) K O (k2) K O (k3) K O (øk4)
+
R0 + R1 K O (øk)

,

I FFPP (k1, k2, k3, k4) ' K O (k1) K O (k2) K O (øk3) K O (øk4)
+
R2 + R3 K O (k) + R4 K O (øk)

,
.

(4.5)

The functions Ri control the residues Ð they have dependence on the momentum labels, which
are not indicating. What is now manifest is that this is the structure expected from the Þeld
theoretic Schwinger-Keldysh and KMS conditions. Real-time diagrammatics, involves only a

Ð 33 Ð
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PROBES OF  THERMAL ENVIRONMENTS

Horowitz, Hubeny ‘98 Policastro, Son, Starinets ‘01

✴ Details of the open EFT  depend on the nature of the CFT operator, and the 
analytic structure of the retarded Green’s function. 

✴ Two broad classes behaviour (inferred from holography, but quite general)

generic operator:   gapped QNMs conserved currents:   ungapped hydro QNMs
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NON-MARKOVIAN MODULI

✴ Non-Markovian (long-lived) operators have moduli, integrating out which would 
lead to a non-local open EFT. 

<latexit sha1_base64="RhSDnoGaooWfnNR1y50d6jjmm44="></latexit>

!Ttx (! , k) Ttx (" ! , " k)# $
1

i ! + D k 2 , D =
"

s T

<latexit sha1_base64="MfMfENW1XsuS/1vDm5O2kit/ZYI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUE8S8OIxgbwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7G93O//YRK81g2zCRBP6JDyUPOqLFSvdEvltyyuwBZJ15GSpCh1i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcqVdK1bssjjycwTlcggc3UIUHqEETGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+ALFjjN0=</latexit>

T

✴ Global currents of a CFT  
✤ vector polarizations transverse to direction of 

propagation are short-lived (Markovian)  
✤ longitudinally polarized modes exhibit diffusive 

behaviour

✴ Energy momentum tensor of a CFT 
✤ transverse traceless tensors are Markovian  
✤ vector polarizations are diffusive 
✤ scalar polarization leads to (attenuated) sound 

propagation

<latexit sha1_base64="+RggEbpMfk4EtE0gPKOhhZ550Tg=">AAACG3icbZDLSsNAGIUnXmu9xcvOzWARXEhJpKgboejGZQV7gSaUyXTSDJ1MwsykGEMeRXCrr+FO3LrwLXwEp20WtvWHgY9z/h/OHC9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyWjRGDSxBGLRMdDkjDKSVNRxUgnFgSFHiNtb3g79tsjIiSN+INKY+KGaMCpTzFSWuqZh87Iy4Y5vIZD5ww6AVLZY94zK1bVmgxcBLuACiim0TN/nH6Ek5BwhRmSsmtbsXIzJBTFjORlJ5EkRniIBqSrkaOQSDebpM/hiVb60I+EflzBifr3IkOhlGno6c0QqUDOe2PxXy8OUkmx1F5BszmUf+VmlMeJIhxPY/gJgyqC46JgnwqCFUs1ICyo/gnEARIIK11nWVdkzxeyCK3zqn1Rrd3XKvWboqwSOALH4BTY4BLUwR1ogCbA4Am8gFfwZjwb78aH8TldXTKKmwMwM8bXL8BgoSI=</latexit>

k = k öx

rotations transverse to momentum



THE WILSONIAN INFLUENCE FUNCTIONAL

✴ Physically we should not integrate out the moduli fields, but retain them in the 
open EFT.  

✴ To achieve this we can Legendre transform the generating functional of CFT 
correlators, replacing the sources for the operators by corresponding operator 
expectation values.  

✴ The resulting gadget, the Wilsonian influence functional, is manifestly local (and, as 
we will argue later, natural from holography).

✴ The open QFT effective action is therefore  a function of the sources for the 
Markovian modes, our probe fields, and field values (moduli) for the non-Markovian 
modes.
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GENERAL STRUCTURE OF OPEN EFT
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✴ Exemplar: a simple scalar field coupled to both Markovian and non-Markovian 
operators of a thermal CFT

✴ Preceding discussion says we should treat the probe as a source for the Markovian 
operator, but we should retain the  non-Markovian moduli in the open EFT.

✴ The WIF follows from general structure of Legendre transforms of effective actions, 
to leading order we just replace sources by Green’s functions acting on operator 
(and corrections for non-contact interactions)
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ANALYTIC STRUCTURE OF THERMAL CORRELATORS

✴ For a planar CFT with finite coupling, expect the correlation functions to be 
meromorphic with a set of discrete poles: 

Can be verified in certain holographic models, but would be interesting to prove generally.
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✴ Insertion of F-type (retarded) operator leads to analytic behaviour in upper half 
frequency plane, while P-type (advanced) operators are lead to analytic behaviour 
in the lower half-plane.

✴  There is factorization properties in the composite channels (FF, PP and FP):

Retarded 2-point function has quasinormal poles; advanced has anti-quasinormal poles.

✴  Fusing two F-type operators leads to only quasinormal poles, or poles at imaginary 
Matsubara frequencies in the lower half plane. 

✴  Fusing P&F leads to poles in both half planes (and Matsubara frequencies).



HOLOGRAPHIC THERMAL ENVIRONMENTS

✴ Thermal environment modeled as a holographic CFT  (semi-holographic models)
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What is the gravity of a boundary Schwinger-Keldysh 
contour in a thermal state?

CTFD

! i!
2

! i!
2

(a)

CSK

! i (! ! ")

! i"

(b)

Figure 1: A comparison of the (a) thermoÞeld double and (b) Schwinger-Keldysh complex time contours for a
system prepared in a thermal state. The starting and end points of the contour are identiÞed. The associated
Euclidean (imaginary time) periodicity is set by the inverse temperature! .

is prepared in a thermal state. We wish to know how the gravitational dynamics Þlls in an
asymptotic Schwinger-Keldysh contour shown in Fig.1(b). This question has been considered
by many authors in the AdS/CFT context over the years. In [ 18] the Þrst proposal for
computing real-time correlation functions was given. These authors posited that one should
consider the future half of the domain of outer communication of a Lorentzian black hole
spacetime, and impose ingoing boundary conditions on the future horizon to extract causal
observables (retarded GreenÕs functions). In addition they also argued for the absence of any
boundary contribution from the horizon. This prescription was justiÞed shortly thereafter in
[19] using the maximal Kruskal extension of the black hole geometry (the logic was to exploit
the analytic structure taking inspiration from the Euclidean thermoÞeld double construction).
One limitation of this approach was that it was well adapted to the computation of two-point
functions, but it left implicit how to obtain higher point functions. Nevertheless, over the
years, various authors have attempted to use this prescription for various applications [20Ð25].

In order to explain the subtlety let us remind the reader how Euclideann-point corre-
lation functions in AdS/CFT are computed via Witten diagrams [ 26]. One Þrst computes
the appropriate bulk-boundary propagators for various external operator insertions. These
enable us to ÔevolveÕ the corresponding Þelds into the bulk with sources set by the boundary
conditions. One convolves the bulk Þelds thus obtained using the bulk interaction vertices
which are dictated by gravitational dynamics. Since the Þelds interact locally, one has to
integrate the position of the vertex over the entire Euclidean bulk manifold. Modulo the
choice of temporal boundary conditions one expects something similar for the computation of
real-time retarded observables. However, it is was a-priori unclear what domain of the bulk
geometry one ought to integrate the bulk interaction vertex over, even assuming that the
ingoing boundary conditions serve to pick out the appropriate bulk-boundary propagator.

This issue was addressed in [27, 28] who gave a more detailed prescription for real-time
computations, arguing that one should Þll in asymptotic Schwinger-Keldysh contours with
piecewise smooth geometries: real-time evolution sections of the boundary contour get Þlled in
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GRAVITY SCHWINGER-KELDYSH GEOMETRIES

✴ grSK geometry: a two-sheeted spacetime, with 
copies of domains of outer communication of 
the black hole glued across the future horizon.

Glorioso, Crossley, Liu ‘18

Son, Starinets ‘02 Herzog, Son ’02Earlier work:

! t E ! t E

! t" t

L R L

R

! t

" t

# L $ R

Figure 2: The two-sheeted complex grSK geometry shown from two di!erent perspectives. On the top left we
display the boundary thermal SK contour which is Þlled in the Euclidean portion by the Euclidean black hole
geometry (the cigar) and in the Lorentzian section by two copies of the domain of outer communication of the
Lorentzian black hole spacetime. The top right panel displays the bulk perspective to emphasize the smooth join of
the two sheets of the Lorentzian section. On the bottom panel we illustrate the Lorentzian sections of the geometry
on the Schwarzschild-AdSd+1 Penrose diagram. with the regions pertaining to theL and R sheets of the grSK
spacetime shaded.

motivated above, the system degree of freedom ! gets imprinted upon by the characteristics
of the environment. Since our thermal environment is provided by a black hole, we would
e"ectively be encoding not only the dissipative behaviour of the horizon, which we know to
be characterized linearly by quasinormal modes, but also the ßuctuations of the horizon. The

Ð 7 Ð

mock tortoise coordinate

➡ nb: complex grSK geometry distinct from the double cone geometry (which captures ramp of the spectral form factor).

subject to the following boundary conditions at the cut-o! surface r = r c

! (r c + i " ) = 0 , ! (r c ! i " ) = 1 . (2.3)

r h
r c

r c+ i!
Re(" )=0

Re(" )=1
r c ! i!

Im( r )

Re(r )

Figure 1: The complex r plane with the locations of the two boundaries and the horizon marked. The grSK
contour is a codimension-1 surface in this plane (drawn at Þxedv). As indicated the direction of the contour is
counter-clockwise and it encircles the branch point at the horizon.

To understand this geometry, consider the familiar planar-Schwarzschild-AdSd+1 geome-
try in ingoing Eddington-Finkelstein coordinates:

ds2 = ! r 2 f (br) dv2 + 2 dv dr + r 2 dx2 . (2.4)

The asymptotic timelike boundary has a time coordinatev, which for the Schwinger-Keldysh
path integral contour should be viewed as a curve in the complex time domain. The grSK
spacetime Þlls in this Schwinger-Keldysh contour with a metric of constant negative curvature
and provides a saddle point for the real-time gravitational path integral.7 The spacetime as
such comprises of two copies of the planar black hole: one at Re(! ) = 0 and another at
Re(! ) = 1 glued smoothly across a horizon-cap. For earlier discussions of this construction
see [21]. In what follows we will Þnd the following non-dimensional radial coordinates helpful
to simplify expressions:8

# " b r , $ "
!

1
b r

" d

= #! d =#
d
d!

= ! 2%i $1! 1
d (1 ! $)

d
d$

. (2.5)

As noted in [13] one can obtain a closed form expression for! (r ) by solving (2.2) in terms
of a hypergeometric function. We will Þnd it convenient to switch to a parameterization in
terms of the incomplete Beta function B (p, q; z), see [50, section 8.17]. We have the formal
solution

! (r ) =
d

2%i

ö #

" + i 0

yd! 2 dy
yd ! 1

= !
1

2%i
B

#
1
d

, 0;
!

1
#

" d
$

" !
1

2%i
B (s, 0;$) , (2.6)

7To be clear, here we only refer to the fact that given the asymptotic boundary conditions the grSK
geometry is a smooth spacetime satisfying the EinsteinÕs equations with the prescribed boundary conditions.
It is an open question whether the geometry is the unique or dominant saddle, but the fact that it gives results
consistent with Þeld theory expectations [ 13, 16, 22] strongly argues in its favour. For further comments about
real-time gravitational saddles see [49].

8Our parameterization here di!ers from the choice made in [ 13] which used ! = 1
! . The advantage of " is

that we will be able to express various functions in their principal branch since " ! (0, 1] in the domain of
outer communication.
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in ¤1 this is the case for the energy-momentum tensor, with the di! erent components having
Markovian, or non-Markovian characteristics.

The combined dynamics is speciÞed by the action of the schematic form

S = Shol + S[" ] +
ö

ddx
!

a
! a[" ] Oa . (2.1)

We have chosen to represent the coupling between the holographic theory and our system
Þeld " using a functional ! a[" ] to keep track of the dependence on tensor components,
polarizations, etc.7 Since the coupling is directly to the gauge invariant operators, it follows
that the functionals ! a[" ] are simply sources forOa. Therefore, insofar as the e! ective Þeld
theory of " is concerned, we Þrst need the data of the real-time correlation functions ofOa,
which as noted above are computed holographically in the grSK geometry. This will allow us
to write down the leading order (in amplitudes) the e! ective stochastic theory for " , cf., [2].

The grSK spacetime is a two-sheeted geometry characterized by a complex line element.
In the conventions of [2], a stationary asymptotically AdS black hole geometry in ingoing
Eddington-Finkelstein coordinates is extended to the complex domain. Consider

ds2 = ! r 2 f (r ) dv2 + i " r 2 f (r ) dv d# + r 2 dx2 , (2.2)

parameterized by the mock tortoise coordinate#. Assuming the emblackening functionf (r )
to have a simple zero atr = r+ , the location of the horizon, # is deÞned by

dr
d#

=
i "
2

r 2 f (r ) , " =
4$

f !(r + )
, (2.3)

subject to the following boundary conditions at the cut-o! surfacer = r c

#(r c + i %) = 0 , #(r c ! i %) = 1 . (2.4)

This geometry has two asymptotic boundaries which are the backward and forward segments
of the boundary Schwinger-Keldysh time contour. The bulk spacetime can be simply charac-
terized by a contour deÞnition for # which encircles the horizon atr = r+ , cf., Fig. 1.

r +
r c

r c+ i !
Re(" )=0

Re(" )=1
r c" i !

Im( r )

Re(r )

Figure 1: The contour picked by the grSK geometry in the complexiÞedr plane with the ingoing time coordinate
v kept Þxed. The contour encircles the branch point at the horizonr = r + counter-clockwise starting from left SK
boundary (denoted L) atr c + i ! and ending up at the right boundary (denoted R) atr c ! i ! .

7We use the index a to refer to the species of the designer Þeld.
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Figure 1: The contour picked by the grSK geometry in the complexiÞedr plane with the ingoing time coordinate
v kept Þxed. The contour encircles the branch point at the horizonr = r + counter-clockwise starting from left SK
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7We use the index a to refer to the species of the designer Þeld.
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✴ The geometry effectively gives a geometric contour prescription, 
exchanging the complex time path of SK, for a radial keyhole 
contour encircling the horizon.
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<latexit sha1_base64="+Z6EKZrMsfEVpNVOkp6vFvThqZQ=">AAACJXicbZDLSgMxFIYz9VbrbdSlIMEiuKhlRoq6koIblxXsBTpDyaSZNjSZCUmmMJbufBfBrb6GOxFc+Qo+gmk7C9t6IOTj/8+Bc/5AMKq043xZuZXVtfWN/GZha3tnd8/eP2ioOJGY1HHMYtkKkCKMRqSuqWakJSRBPGCkGQxuJ35zSKSicfSgU0F8jnoRDSlG2kgd+3gIPY6E0jGkXskLiEZeCXqP5ofncNixi07ZmRZcBjeDIsiq1rF/vG6ME04ijRlSqu06QvsjJDXFjIwLXqKIQHiAeqRtMEKcKH80vWMMT43ShWEszYs0nKp/J0aIK5XywHRypPtq0ZuI/3qinyqKlfEymt9Dh9f+iEYi0STCszXChEGTySQy2KWSYM1SAwhLai6BuI8kwtoEWzARuYuBLEPjouxeliv3lWL1JgsrD47ACTgDLrgCVXAHaqAOMHgCL+AVvFnP1rv1YX3OWnNWNnMI5sr6/gVooqR8</latexit>

v !" i ! " # v
✴ To obtain the outgoing solution we can exploit the time reversal (TR) involution in 

grSK geometry:
<latexit sha1_base64="a6+sW3P7+mNBxVaQsgyFPgUv+0k="></latexit>

D+ ! r 2 f
d
dr

+
d
dv

,
d
dv

,
d

dxi

<latexit sha1_base64="axjzMNQ8BQgQhj10W4ftsyKkLtg=">AAACPnicdZDLSsNAFIYn9VbrLerSzWARXNSSlGJdScGNywr2Ak1aJpNJO3RyYWZSDKGP4rsIbvUBfAF3okuXTtssbKsHDnz8/zlwzu9EjAppGG9abm19Y3Mrv13Y2d3bP9APj1oijDkmTRyykHccJAijAWlKKhnpRJwg32Gk7Yxupn57TLigYXAvk4jYPhoE1KMYSSX19ZrlcYRTl09S3qtAbwKtUgla0B3DC/if99Cjfb1olI1ZwVUwMyiCrBp9/ctyQxz7JJCYISG6phFJO0VcUszIpGDFgkQIj9CAdBUGyCfCTmcPTuCZUlzohVx1IOFM/b2RIl+IxHfUpI/kUCx7U/FPLxomgmKhvIwW75DelZ3SIIolCfD8DC9mUIZwmiV0KSdYskQBwpyqTyAeIpWZVIkXVETmciCr0KqUzcty9a5arF9nYeXBCTgF58AENVAHt6ABmgCDR/AMXsCr9qS9ax/a53w0p2U7x2ChtO8fz2utog==</latexit>

dr
r 2f

, dv !
dr
r 2f

, dxiTangent basis: Cotangent basis:

✴ Wave equations for linearized fields have nice TR invariant, eg., 
<latexit sha1_base64="cUGY/myEohviyfdKE4CD6BWm+FI="></latexit>

1
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!
r 3 D+ !

"
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!
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"
! = 0

minimally coupled scalar KG eqn

✴ Basic input necessary is the boundary-bulk propagator: infalling at horizon with unit 
source at boundary:

<latexit sha1_base64="Jo0bS19YBwoD0xo8ZvuBkene/sU="></latexit>

Gin (! , " , k) : lim
r !" ± i 0

Gin = 1 ,
d
dr

Gin

!
!
horizon = 0

Jana, Loganayagam, MR ‘20

<latexit sha1_base64="XhxqMk8WjH1SPGWaB+sKLLqBKZs="></latexit>

Gin (! , " , k) = K ret (" , k) !Gin (! , " , k)
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✴ Bulk-bulk propagator can similarly be obtained from the ingoing solution
<latexit sha1_base64="2DFSbP6UWFTdb7Wewb2Ex9pHmoY="></latexit>

Gbb (! , ! ! ; " , k) =
e! " # !

1 + n"
[GL (! ) GR (! !)! (! ! ! ! ) + GL (! !) GR (! )! (! ! ! ! )]

<latexit sha1_base64="GH0A+D8aYKBGyAvlPswODOp1dQc="></latexit>

GL = n! e"! (Gin ! Gout )
<latexit sha1_base64="tOr4oIioVahULhQb4AFXpgo5dJI="></latexit>

GR = ! n!
!
Gin ! e"! Gout

"

<latexit sha1_base64="KIcxK2nrLc9ajMekfHtVhqlySTI=">AAACLnicbZDLSsNAFIYn9VbrrerSzWAR3VgSKepGKbhxWcFeoKllMj1ph04mYWYilJBH8F0Et/oaggtx69JHcNpmYVsPHPj4/3PgnN+LOFPatj+s3NLyyupafr2wsbm1vVPc3WuoMJYU6jTkoWx5RAFnAuqaaQ6tSAIJPA5Nb3gz9puPIBULxb0eRdAJSF8wn1GijdQtHouuGwbQJ/gKu74kNHHSBB4S1wNNpk6KT520WyzZZXtSeBGcDEooq1q3+OP2QhoHIDTlRKm2Y0e6kxCpGeWQFtxYQUTokPShbVCQAFQnmTyU4iOj9LAfStNC44n6dyMhgVKjwDOTAdEDNe+NxX+9aDBSjCrjZTR7h/YvOwkTUaxB0OkZfsyxDvE4O9xjEqjmIwOESmY+wXRATGjaJFwwETnzgSxC46zsnJcrd5VS9ToLK48O0CE6QQ66QFV0i2qojih6Qi/oFb1Zz9a79Wl9TUdzVrazj2bK+v4FDtypCg==</latexit>

n! =
1

e"! ! 1

✴ All the data necessary to implement a GKPW dictionary is completely captured 
from the ingoing boundary-bulk propagator.

 Loganayagam, MR, Virrueta ‘22

The monodromy in the bulk-bulk propagator is important for the bulk exchange diagrams to 
respect the SK and KMS conditions.

Arnold, Vaman ‘11

✴ Full boundary-bulk propagator on grSK geometry includes the outgoing solution, 
which is obtained by exploiting TR involution

<latexit sha1_base64="dRO47NGZWEpY8ES2cL31T9Ea66I="></latexit>

Gout (! , " , k) = Gin (! , ! " , k) e! ! " #

<latexit sha1_base64="Cs9+ywNs2FVu7gAz1CSBqITdikw="></latexit>

! (! , " , k) = Gin (! , " , k) Ja +
1
2

GH (! , " , k) Jd

<latexit sha1_base64="y+5w87X3NOsc68atb8UlZwQvmf8="></latexit>

GH (! , " , k) = coth
!

#"
2

"
Gin (! , " , k) ! e! 1

2 ! " csch
!

#"
2

"
Gout (! , " , k)

non-trivial thermal monodromy from circumnavigating the branch point correct statistical factors
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✴ Boundary real-time thermal correlators are computed by Witten 
diagrams with these boundary-bulk and bulk-bulk propagators with 
suitable sources on the left and right grSK boundary.

JL
<latexit sha1_base64="LMgK3i178RDNpHJyV8rUptFgX10=">AAACTHicbVDLSsNAFJ1UrbW+Wl26CRZBNyURQRcuCm5EXFSwD2hDmUxv2qGThzM3Ygn9Drf6Q+79D3ciOEmzsK0HBg7n3DNz57iR4Aot69MorK1vFDdLW+Xtnd29/Ur1oK3CWDJosVCEsutSBYIH0EKOArqRBOq7Ajru5Cb1O88gFQ+DR5xG4Ph0FHCPM4pacu4GyaCP8ILJ/Ww2qNSsupXBXCV2TmokR3NQNc76w5DFPgTIBFWqZ1sROgmVyJmAWbkfK4gom9AR9DQNqA/KSbKtZ+aJVoamF0p9AjQz9W8iob5SU9/Vkz7FsVr2UvFfz/UXXk6i8VRxphbFNCaVt6j2ssuYdBKIGRVLH0Dvykl4EMUIAZvv78XCxNBMmzWHXAJDMdWEMsl1BSYbU0kZ6v7Lulx7ucpV0j6v21bdfrioNa7zmkvkiByTU2KTS9Igt6RJWoSRJ/JK3si78WF8Gd/Gz3y0YOSZQ7KAQvEX5uW1Nw==</latexit><latexit sha1_base64="zeDaDTjyAbaNKTTL/ttgjlehnBs=">AAACcXicjVHLSgMxFE3HV62vVlfiJrQIilBmRNCFi4IbERcK9gHtMGTSO20w8zC5I5ah3+HWr/Ef/A5/wLSdhW1deCBwOOfeJPdcP5FCo21/FayV1bX1jeJmaWt7Z3evXNlv6ThVHJo8lrHq+EyDFBE0UaCETqKAhb6Etv98M/Hbr6C0iKMnHCXghmwQiUBwhkZy77zM6yG8YXY/Hnvlml23p6DLxMlJjeT4X7lXKZz2+jFPQ4iQS6Z117ETdDOmUHAJ41Iv1ZAw/swG0DU0YiFoN5uONqbHRunTIFbmREin6u+OjIVaj0LfVIYMh3rRm4h/en4493KWDEdacD0vTtqUDubV7vQyrtwMUs7kwgAYXLmZiJIUIeKz/weppBjTSfy0LxRwlCNDGFfCRED5kCnG0SypZCJ1FgNcJq3zumPXnceLWuM630WRHJEqOSEOuSQNckseSJNw8kLeyQf5LHxbhxa1qrNSq5D3HJA5WGc/4oC5sw==</latexit><latexit sha1_base64="zeDaDTjyAbaNKTTL/ttgjlehnBs=">AAACcXicjVHLSgMxFE3HV62vVlfiJrQIilBmRNCFi4IbERcK9gHtMGTSO20w8zC5I5ah3+HWr/Ef/A5/wLSdhW1deCBwOOfeJPdcP5FCo21/FayV1bX1jeJmaWt7Z3evXNlv6ThVHJo8lrHq+EyDFBE0UaCETqKAhb6Etv98M/Hbr6C0iKMnHCXghmwQiUBwhkZy77zM6yG8YXY/Hnvlml23p6DLxMlJjeT4X7lXKZz2+jFPQ4iQS6Z117ETdDOmUHAJ41Iv1ZAw/swG0DU0YiFoN5uONqbHRunTIFbmREin6u+OjIVaj0LfVIYMh3rRm4h/en4493KWDEdacD0vTtqUDubV7vQyrtwMUs7kwgAYXLmZiJIUIeKz/weppBjTSfy0LxRwlCNDGFfCRED5kCnG0SypZCJ1FgNcJq3zumPXnceLWuM630WRHJEqOSEOuSQNckseSJNw8kLeyQf5LHxbhxa1qrNSq5D3HJA5WGc/4oC5sw==</latexit><latexit sha1_base64="zeDaDTjyAbaNKTTL/ttgjlehnBs=">AAACcXicjVHLSgMxFE3HV62vVlfiJrQIilBmRNCFi4IbERcK9gHtMGTSO20w8zC5I5ah3+HWr/Ef/A5/wLSdhW1deCBwOOfeJPdcP5FCo21/FayV1bX1jeJmaWt7Z3evXNlv6ThVHJo8lrHq+EyDFBE0UaCETqKAhb6Etv98M/Hbr6C0iKMnHCXghmwQiUBwhkZy77zM6yG8YXY/Hnvlml23p6DLxMlJjeT4X7lXKZz2+jFPQ4iQS6Z117ETdDOmUHAJ41Iv1ZAw/swG0DU0YiFoN5uONqbHRunTIFbmREin6u+OjIVaj0LfVIYMh3rRm4h/en4493KWDEdacD0vTtqUDubV7vQyrtwMUs7kwgAYXLmZiJIUIeKz/weppBjTSfy0LxRwlCNDGFfCRED5kCnG0SypZCJ1FgNcJq3zumPXnceLWuM630WRHJEqOSEOuSQNckseSJNw8kLeyQf5LHxbhxa1qrNSq5D3HJA5WGc/4oC5sw==</latexit>

JR
<latexit sha1_base64="5UfFdGgX5udnSD4rWnhb0C34GFA=">AAACTHicbVDLSsNAFJ1UrbW+Wl26CRZBNyURQRcuCm7EVRX7gDaUyfSmHTp5OHMjlpDvcKs/5N7/cCeC0zQL23pg4HDOPTN3jhsJrtCyPo3C2vpGcbO0Vd7e2d3br1QP2iqMJYMWC0Uouy5VIHgALeQooBtJoL4roONObmZ+5xmk4mHwiNMIHJ+OAu5xRlFLzt0gGfQRXjB5SNNBpWbVrQzmKrFzUiM5moOqcdYfhiz2IUAmqFI924rQSahEzgSk5X6sIKJsQkfQ0zSgPignybZOzROtDE0vlPoEaGbq30RCfaWmvqsnfYpjtezNxH891194OYnGU8WZWhRnMam8RbWXXcakk0DMqFj6AHpXTsKDKEYI2Hx/LxYmhuasWXPIJTAUU00ok1xXYLIxlZSh7r+sy7WXq1wl7fO6bdXt+4ta4zqvuUSOyDE5JTa5JA1yS5qkRRh5Iq/kjbwbH8aX8W38zEcLRp45JAsoFH8B8hm1PQ==</latexit><latexit sha1_base64="10LctMMA8sUbhS3kz8PDkTDmZKI=">AAACcXicjVHLSgMxFE3HV62vVlfiJrQIilBmRNCFi4IbcaViH9AOQya90wYzD5M7Yhn6HW79Gv/B7/AHTNtZ2NaFBwKHc+5Ncs/1Eyk02vZXwVpZXVvfKG6WtrZ3dvfKlf2WjlPFocljGauOzzRIEUETBUroJApY6Eto+883E7/9CkqLOHrCUQJuyAaRCARnaCT3zsu8HsIbZo/jsVeu2XV7CrpMnJzUSI7/lXuVwmmvH/M0hAi5ZFp3HTtBN2MKBZcwLvVSDQnjz2wAXUMjFoJ2s+loY3pslD4NYmVOhHSq/u7IWKj1KPRNZchwqBe9ifin54dzL2fJcKQF1/PipE3pYF7tTi/jys0g5UwuDIDBlZuJKEkRIj77f5BKijGdxE/7QgFHOTKEcSVMBJQPmWIczZJKJlJnMcBl0jqvO3bdebioNa7zXRTJEamSE+KQS9Igt+SeNAknL+SdfJDPwrd1aFGrOiu1CnnPAZmDdfYD7pK5uQ==</latexit><latexit sha1_base64="10LctMMA8sUbhS3kz8PDkTDmZKI=">AAACcXicjVHLSgMxFE3HV62vVlfiJrQIilBmRNCFi4IbcaViH9AOQya90wYzD5M7Yhn6HW79Gv/B7/AHTNtZ2NaFBwKHc+5Ncs/1Eyk02vZXwVpZXVvfKG6WtrZ3dvfKlf2WjlPFocljGauOzzRIEUETBUroJApY6Eto+883E7/9CkqLOHrCUQJuyAaRCARnaCT3zsu8HsIbZo/jsVeu2XV7CrpMnJzUSI7/lXuVwmmvH/M0hAi5ZFp3HTtBN2MKBZcwLvVSDQnjz2wAXUMjFoJ2s+loY3pslD4NYmVOhHSq/u7IWKj1KPRNZchwqBe9ifin54dzL2fJcKQF1/PipE3pYF7tTi/jys0g5UwuDIDBlZuJKEkRIj77f5BKijGdxE/7QgFHOTKEcSVMBJQPmWIczZJKJlJnMcBl0jqvO3bdebioNa7zXRTJEamSE+KQS9Igt+SeNAknL+SdfJDPwrd1aFGrOiu1CnnPAZmDdfYD7pK5uQ==</latexit><latexit sha1_base64="10LctMMA8sUbhS3kz8PDkTDmZKI=">AAACcXicjVHLSgMxFE3HV62vVlfiJrQIilBmRNCFi4IbcaViH9AOQya90wYzD5M7Yhn6HW79Gv/B7/AHTNtZ2NaFBwKHc+5Ncs/1Eyk02vZXwVpZXVvfKG6WtrZ3dvfKlf2WjlPFocljGauOzzRIEUETBUroJApY6Eto+883E7/9CkqLOHrCUQJuyAaRCARnaCT3zsu8HsIbZo/jsVeu2XV7CrpMnJzUSI7/lXuVwmmvH/M0hAi5ZFp3HTtBN2MKBZcwLvVSDQnjz2wAXUMjFoJ2s+loY3pslD4NYmVOhHSq/u7IWKj1KPRNZchwqBe9ifin54dzL2fJcKQF1/PipE3pYF7tTi/jys0g5UwuDIDBlZuJKEkRIj77f5BKijGdxE/7QgFHOTKEcSVMBJQPmWIczZJKJlJnMcBl0jqvO3bdebioNa7zXRTJEamSE+KQS9Igt+SeNAknL+SdfJDPwrd1aFGrOiu1CnnPAZmDdfYD7pK5uQ==</latexit>

JR
<latexit sha1_base64="5UfFdGgX5udnSD4rWnhb0C34GFA=">AAACTHicbVDLSsNAFJ1UrbW+Wl26CRZBNyURQRcuCm7EVRX7gDaUyfSmHTp5OHMjlpDvcKs/5N7/cCeC0zQL23pg4HDOPTN3jhsJrtCyPo3C2vpGcbO0Vd7e2d3br1QP2iqMJYMWC0Uouy5VIHgALeQooBtJoL4roONObmZ+5xmk4mHwiNMIHJ+OAu5xRlFLzt0gGfQRXjB5SNNBpWbVrQzmKrFzUiM5moOqcdYfhiz2IUAmqFI924rQSahEzgSk5X6sIKJsQkfQ0zSgPignybZOzROtDE0vlPoEaGbq30RCfaWmvqsnfYpjtezNxH891194OYnGU8WZWhRnMam8RbWXXcakk0DMqFj6AHpXTsKDKEYI2Hx/LxYmhuasWXPIJTAUU00ok1xXYLIxlZSh7r+sy7WXq1wl7fO6bdXt+4ta4zqvuUSOyDE5JTa5JA1yS5qkRRh5Iq/kjbwbH8aX8W38zEcLRp45JAsoFH8B8hm1PQ==</latexit><latexit sha1_base64="10LctMMA8sUbhS3kz8PDkTDmZKI=">AAACcXicjVHLSgMxFE3HV62vVlfiJrQIilBmRNCFi4IbcaViH9AOQya90wYzD5M7Yhn6HW79Gv/B7/AHTNtZ2NaFBwKHc+5Ncs/1Eyk02vZXwVpZXVvfKG6WtrZ3dvfKlf2WjlPFocljGauOzzRIEUETBUroJApY6Eto+883E7/9CkqLOHrCUQJuyAaRCARnaCT3zsu8HsIbZo/jsVeu2XV7CrpMnJzUSI7/lXuVwmmvH/M0hAi5ZFp3HTtBN2MKBZcwLvVSDQnjz2wAXUMjFoJ2s+loY3pslD4NYmVOhHSq/u7IWKj1KPRNZchwqBe9ifin54dzL2fJcKQF1/PipE3pYF7tTi/jys0g5UwuDIDBlZuJKEkRIj77f5BKijGdxE/7QgFHOTKEcSVMBJQPmWIczZJKJlJnMcBl0jqvO3bdebioNa7zXRTJEamSE+KQS9Igt+SeNAknL+SdfJDPwrd1aFGrOiu1CnnPAZmDdfYD7pK5uQ==</latexit><latexit sha1_base64="10LctMMA8sUbhS3kz8PDkTDmZKI=">AAACcXicjVHLSgMxFE3HV62vVlfiJrQIilBmRNCFi4IbcaViH9AOQya90wYzD5M7Yhn6HW79Gv/B7/AHTNtZ2NaFBwKHc+5Ncs/1Eyk02vZXwVpZXVvfKG6WtrZ3dvfKlf2WjlPFocljGauOzzRIEUETBUroJApY6Eto+883E7/9CkqLOHrCUQJuyAaRCARnaCT3zsu8HsIbZo/jsVeu2XV7CrpMnJzUSI7/lXuVwmmvH/M0hAi5ZFp3HTtBN2MKBZcwLvVSDQnjz2wAXUMjFoJ2s+loY3pslD4NYmVOhHSq/u7IWKj1KPRNZchwqBe9ifin54dzL2fJcKQF1/PipE3pYF7tTi/jys0g5UwuDIDBlZuJKEkRIj77f5BKijGdxE/7QgFHOTKEcSVMBJQPmWIczZJKJlJnMcBl0jqvO3bdebioNa7zXRTJEamSE+KQS9Igt+SeNAknL+SdfJDPwrd1aFGrOiu1CnnPAZmDdfYD7pK5uQ==</latexit><latexit sha1_base64="10LctMMA8sUbhS3kz8PDkTDmZKI=">AAACcXicjVHLSgMxFE3HV62vVlfiJrQIilBmRNCFi4IbcaViH9AOQya90wYzD5M7Yhn6HW79Gv/B7/AHTNtZ2NaFBwKHc+5Ncs/1Eyk02vZXwVpZXVvfKG6WtrZ3dvfKlf2WjlPFocljGauOzzRIEUETBUroJApY6Eto+883E7/9CkqLOHrCUQJuyAaRCARnaCT3zsu8HsIbZo/jsVeu2XV7CrpMnJzUSI7/lXuVwmmvH/M0hAi5ZFp3HTtBN2MKBZcwLvVSDQnjz2wAXUMjFoJ2s+loY3pslD4NYmVOhHSq/u7IWKj1KPRNZchwqBe9ifin54dzL2fJcKQF1/PipE3pYF7tTi/jys0g5UwuDIDBlZuJKEkRIj77f5BKijGdxE/7QgFHOTKEcSVMBJQPmWIczZJKJlJnMcBl0jqvO3bdebioNa7zXRTJEamSE+KQS9Igt+SeNAknL+SdfJDPwrd1aFGrOiu1CnnPAZmDdfYD7pK5uQ==</latexit>

✴ Generically, every such diagram can be collapsed to a single-sheet; the contour 
integral reduces to picking up (multiple) discontinuities of the integrand.

subject to the following boundary conditions at the cut-o! surface r = r c

! (r c + i " ) = 0 , ! (r c ! i " ) = 1 . (2.3)

r h
r c

r c+ i!
Re(" )=0

Re(" )=1
r c ! i!

Im( r )

Re(r )

Figure 1: The complex r plane with the locations of the two boundaries and the horizon marked. The grSK
contour is a codimension-1 surface in this plane (drawn at Þxedv). As indicated the direction of the contour is
counter-clockwise and it encircles the branch point at the horizon.

To understand this geometry, consider the familiar planar-Schwarzschild-AdSd+1 geome-
try in ingoing Eddington-Finkelstein coordinates:

ds2 = ! r 2 f (br) dv2 + 2 dv dr + r 2 dx2 . (2.4)

The asymptotic timelike boundary has a time coordinatev, which for the Schwinger-Keldysh
path integral contour should be viewed as a curve in the complex time domain. The grSK
spacetime Þlls in this Schwinger-Keldysh contour with a metric of constant negative curvature
and provides a saddle point for the real-time gravitational path integral.7 The spacetime as
such comprises of two copies of the planar black hole: one at Re(! ) = 0 and another at
Re(! ) = 1 glued smoothly across a horizon-cap. For earlier discussions of this construction
see [21]. In what follows we will Þnd the following non-dimensional radial coordinates helpful
to simplify expressions:8

# " b r , $ "
!

1
b r

" d

= #! d =#
d
d!

= ! 2%i $1! 1
d (1 ! $)

d
d$

. (2.5)

As noted in [13] one can obtain a closed form expression for! (r ) by solving (2.2) in terms
of a hypergeometric function. We will Þnd it convenient to switch to a parameterization in
terms of the incomplete Beta function B (p, q; z), see [50, section 8.17]. We have the formal
solution

! (r ) =
d

2%i

ö #

" + i 0

yd! 2 dy
yd ! 1

= !
1

2%i
B

#
1
d

, 0;
!

1
#

" d
$

" !
1

2%i
B (s, 0;$) , (2.6)

7To be clear, here we only refer to the fact that given the asymptotic boundary conditions the grSK
geometry is a smooth spacetime satisfying the EinsteinÕs equations with the prescribed boundary conditions.
It is an open question whether the geometry is the unique or dominant saddle, but the fact that it gives results
consistent with Þeld theory expectations [ 13, 16, 22] strongly argues in its favour. For further comments about
real-time gravitational saddles see [49].

8Our parameterization here di!ers from the choice made in [ 13] which used ! = 1
! . The advantage of " is

that we will be able to express various functions in their principal branch since " ! (0, 1] in the domain of
outer communication.

Ð 8 Ð

r +
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<latexit sha1_base64="Nm4+W8k6SU3I9alJYQcXp05hD/M="></latexit>!
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Result consistent with QFT Schwinger-Keldysh causality and thermal KMS constraints.

 Loganayagam, MR, Virrueta ‘22Jana, Loganayagam, MR ‘20

eg., contact diagram 
with simple bulk vertex

✴ Exchange diagrams pick up two sets of discontinuities, from going around the cut, 
and from the radial ordering step-functions. 

✴ This contour prescription is important, as one encounters bulk vertices that have 
poles at the horizon, leading to localized contributions. 

 Loganayagam, Martin, Sharma ‘25



CHALLENGES OF BLACK HOLE MEMORY

Strategy:  instead of computing the generating function of correlators with fixed 
sources, compute a Wilsonian influence functional parameterized by the moduli 
fields (vevs of the boundary operator) corresponding to the long-lived modes.

A. Conserved current operators have Markovian and non-Markovian components.  

B. Conserved CFT current = bulk gauge field. 

! Radial Hamiltonian/Gauss constraint forces difference (L-R) part of the current 
on-shell.  

C. Radial gauge, traditionally employed in the analysis, does not play well with the 
time-reversal involution (which relates ingoing and outgoing solutions). 

Open EFT should retain non-Markovian modes off-shell; short-lived Markovian modes 
should be integrated out. 

Challenges:



REMEMBRANCE OF A BLACK HOLE’S PAST

✴ Gauge invariant decomposition of perturbations addresses aforementioned issues.

r
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✴ Claim: Can repackage data into a set of designer scalars obeying non-minimally 
coupled linear wave equations, with gravitational interactions are modulated by a 
radially varying auxiliary dilaton field (and a radial potential).

<latexit sha1_base64="7YVgH1upYuLXoHJvza763wxs4/8="></latexit>
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M ! (" 1, 1)

with Dirichlet bc: Markovian

with Neumann bc: non-Markovian

➡ Both quantizations are admissible for                     . Analogous to standard vs alternate bcs for scalars.

✴ The bcs specified for computing the generating function of correlators.

✴ Wilsonian influence functional, can be computed by using Dirichlet bc for non-
Markovian fields (the Legendre transform flips boundary conditions).



EXAMPLE 1: ENERGY-MOMENTUM DYNAMICS

<latexit sha1_base64="mDrxnJ3B+0VcThTGkDExUSTAxaQ="></latexit>

Sgrav =
!

d5x
!

" g (R + 12) + 2
!

d4x
!

" ! K +
!

d4x
!

" !
"

" 6 "
1
2

! R + O
#
" 4$

%

✴ Two Markovian transverse traceless tensors

✴ Two non-Markovian transverse vectors

✴ One non-Markovian longitudinal scalar

<latexit sha1_base64="dO21vxsm6TmAH8KXx2X8nzLA/VQ=">AAACUXicbVHLSsNAFL2Jr9qqbXXpZrAI4qIkWtSNUHTjRqhgH9CGMplO2sHJg5mJUEK+xK1+kSs/xZ2TNAv7uDBwOOceuOeMG3EmlWX9GObW9s7uXmm/XDk4PKrW6sc9GcaC0C4JeSgGLpaUs4B2FVOcDiJBse9y2nffHjO9/06FZGHwquYRdXw8DZjHCFaaGteqIx+rmSQieU7RPboe1xpW08oHrQO7AA0opjOuG5ejSUhinwaKcCzl0LYi5SRYKEY4TcujWNIIkzc8pUMNA+xT6ST55Sk618wEeaHQL1AoZ/87EuxLOfddvZnfuapl5EYtY4T05CZxWER2EhoTzFO05Ixmc8lIZizQcgLl3TkJC6JY0YAsAngxRypEWb1owgQlis81wEQw3QEiMywwUfoTyrpde7XLddC7ato3zdZLq9F+KHouwSmcwQXYcAtteIIOdIFADB/wCV/Gt/FrgmkuVk2j8JzA0piVP0zZsvU=</latexit>

M = 3
<latexit sha1_base64="z0RsfYAsH36dzqUkccf/yXvX1kY=">AAACUnicbVLLSsNAFJ3UV61VU126GSyCCJZEi7oRim7cCBXsA9pQJtNJO3QyCTOTQgj5E7f6RW78FVdO0izs48LA4Zx74N5zxw0ZlcqyfozS1vbO7l55v3JQPTw6NmsnXRlEApMODlgg+i6ShFFOOooqRvqhIMh3Gem5s+dM782JkDTg7yoOieOjCacexUhpamSaQx+pqcQieU3hI7y+HZl1q2HlBdeBXYA6KKo9qhlXw3GAI59whRmScmBboXISJBTFjKSVYSRJiPAMTchAQ458Ip0kHz2FF5oZQy8Q+nEFc/a/I0G+lLHv6s580FUtIzdqGSOkJzeJg2JnJyERRiyFS85wGkuKM2OBljdQ3oOTUB5GinC8WMCLGFQBzPKFYyoIVizWAGFBdQYQT5FAWOkrVHS69mqW66B707DvGs23Zr31VORcBmfgHFwCG9yDFngBbdABGMzBB/gEX8a38VvSv2TRWjIKzylYqlL1D8tnsyw=</latexit>

M = ! 3

<latexit sha1_base64="24iIv8f9hKyq+kO8oTk8aRAIjcg=">AAACUXicbVHLSsNAFL2Jr9qqbXXpZrAI4qIkUtSNUHTjRqhgH9CGMplO2qGTBzMToYR8iVv9Ild+ijsnaRb2cWHgcM49cM8ZN+JMKsv6Mcyd3b39g9JhuXJ0fFKt1U97MowFoV0S8lAMXCwpZwHtKqY4HUSCYt/ltO/OnzK9/06FZGHwphYRdXw8DZjHCFaaGteqIx+rmSQieUnRA7LGtYbVtPJBm8AuQAOK6YzrxvVoEpLYp4EiHEs5tK1IOQkWihFO0/IoljTCZI6ndKhhgH0qnSS/PEWXmpkgLxT6BQrl7H9Hgn0pF76rN/M717WM3KpljJCe3CYOi8hOQmOCeYpWnNFsIRnJjAVaTaC8eydhQRQrGpBlAC/mSIUoqxdNmKBE8YUGmAimO0BkhgUmSn9CWbdrr3e5CXo3Tfu22XptNdqPRc8lOIcLuAIb7qANz9CBLhCI4QM+4cv4Nn5NMM3lqmkUnjNYGbPyB0dCsvI=</latexit>

M = 0

Dirichlet bc

Neumann bc

Neumann bc

Kodama, Ishibashi ’03✴ Equations of motion for the three sectors were derived long ago.

✴ Boundary conditions are inherited from the parent Einstein-Hilbert action with 
Gibbons-Hawking boundary term. 

➡ Variational principle for the designer scalars has interesting features, eg., gauge invariant variables involve field 
redefinitions with radial derivatives, but result in two-derivative equations of motion (signal of gauge redundancy).

✴ The bcs specified are for computing the generating function of correlators.

Ghosh, Loganaygam, Prabhu, MR, Sivakumar, Vishal ‘20 He, Loganaygam, MR, Virrueta ‘22

<latexit sha1_base64="UMu4CIm+Hw/UZm47vViwULKa3NI="></latexit>! ij

<latexit sha1_base64="457uV+BUjcEKzqDlLkXF7I66NF4="></latexit>

Pi

<latexit sha1_base64="LrD+i29crTwOx6hUlYWIR+wGGlM="></latexit>

E



QUANTIZATION CONDITIONS

✴ Markovian fields are repelled from the boundary, while non-Markovian modes are 
floppy near the boundary (and hence long-lived).

r
<latexit sha1_base64="Ve2glZxS8jj/E6I9jsWLBVawt3A=">AAACQHicbVDLSsNAFJ3xWeur1aWbYBF0UxIRdOGi4MZlC/YBbSiT6U07dCYJMxMhhH6BW/0h/8I/cCduXTlJszCtBwYO59wzc+d4EWdK2/YH3tjc2t7ZrexV9w8Oj45r9ZOeCmNJoUtDHsqBRxRwFkBXM81hEEkgwuPQ9+YPmd9/BqlYGDzpJAJXkGnAfEaJNlJHjmsNu2nnsNaJU5AGKtAe1/HVaBLSWECgKSdKDR070m5KpGaUw6I6ihVEhM7JFIaGBkSActN804V1YZSJ5YfSnEBbufo3kRKhVCI8MymInqlVLxP/9TxRejmNZoliVJXFLCaVX1aH+WVUuinElPCVD2j/zk1ZEMUaArrc34+5pUMra9OaMAlU88QQQiUzFVh0RiSh2nReNeU6q1Wuk95107GbTuem0bovaq6gM3SOLpGDblELPaI26iKKAL2gV/SG3/En/sLfy9ENXGROUQn45xfVTLDL</latexit><latexit sha1_base64="2xuwqSZ55a3IcqIX43Pehb3t+PQ=">AAACZXicjVHLSsNAFJ3EV61WWxU3Lhwsgm5KIoIuXBTcuLRgH9CGMpnetIMzSZiZCCX0C9z6Nf6JX+BvOEmzMK0LDwwczrl3Zu65fsyZ0o7zZdkbm1vbO5Xd6t5+7eCw3jjqqSiRFLo04pEc+EQBZyF0NdMcBrEEInwOff/1MfP7byAVi8IXPY/BE2QasoBRoo3UkeN602k5OfA6cQvSRAX+Vz5uWNejSUQTAaGmnCg1dJ1YeymRmlEOi+ooURAT+kqmMDQ0JAKUl+bjLPClUSY4iKQ5oca5+rsjJUKpufBNpSB6pla9TPzT80Xp5TSezRWjqixmbVIFZXWYX0all0JCCV8ZQAf3XsrCONEQ0uX/g4RjHeEscjxhEqjmc0MIlcxEgOmMSEK1WUzVROquBrhOejct12m5ndtm+6HYRQWdoQt0hVx0h9roCT2jLqII0Dv6QJ/Wt12zT+zTZaltFT3HqAT7/AcXDrRI</latexit><latexit sha1_base64="2xuwqSZ55a3IcqIX43Pehb3t+PQ=">AAACZXicjVHLSsNAFJ3EV61WWxU3Lhwsgm5KIoIuXBTcuLRgH9CGMpnetIMzSZiZCCX0C9z6Nf6JX+BvOEmzMK0LDwwczrl3Zu65fsyZ0o7zZdkbm1vbO5Xd6t5+7eCw3jjqqSiRFLo04pEc+EQBZyF0NdMcBrEEInwOff/1MfP7byAVi8IXPY/BE2QasoBRoo3UkeN602k5OfA6cQvSRAX+Vz5uWNejSUQTAaGmnCg1dJ1YeymRmlEOi+ooURAT+kqmMDQ0JAKUl+bjLPClUSY4iKQ5oca5+rsjJUKpufBNpSB6pla9TPzT80Xp5TSezRWjqixmbVIFZXWYX0all0JCCV8ZQAf3XsrCONEQ0uX/g4RjHeEscjxhEqjmc0MIlcxEgOmMSEK1WUzVROquBrhOejct12m5ndtm+6HYRQWdoQt0hVx0h9roCT2jLqII0Dv6QJ/Wt12zT+zTZaltFT3HqAT7/AcXDrRI</latexit><latexit sha1_base64="2xuwqSZ55a3IcqIX43Pehb3t+PQ=">AAACZXicjVHLSsNAFJ3EV61WWxU3Lhwsgm5KIoIuXBTcuLRgH9CGMpnetIMzSZiZCCX0C9z6Nf6JX+BvOEmzMK0LDwwczrl3Zu65fsyZ0o7zZdkbm1vbO5Xd6t5+7eCw3jjqqSiRFLo04pEc+EQBZyF0NdMcBrEEInwOff/1MfP7byAVi8IXPY/BE2QasoBRoo3UkeN602k5OfA6cQvSRAX+Vz5uWNejSUQTAaGmnCg1dJ1YeymRmlEOi+ooURAT+kqmMDQ0JAKUl+bjLPClUSY4iKQ5oca5+rsjJUKpufBNpSB6pla9TPzT80Xp5TSezRWjqixmbVIFZXWYX0all0JCCV8ZQAf3XsrCONEQ0uX/g4RjHeEscjxhEqjmc0MIlcxEgOmMSEK1WUzVROquBrhOejct12m5ndtm+6HYRQWdoQt0hVx0h9roCT2jLqII0Dv6QJ/Wt12zT+zTZaltFT3HqAT7/AcXDrRI</latexit>

e!
<latexit sha1_base64="dehBH5NdVvCutaWUn7/PtRISwtU=">AAACRXicbVDLSsNAFJ3UV62vVpdugkXQTUlE0IWLghuXFewD2lgmtzfN2MmDmYkQQv/Brf6Q3+BHuBO3Om2zMK0HBg7n3DNz57gxZ1JZ1odRWlvf2Nwqb1d2dvf2D6q1w46MEgHYhohHoudSiZyF2FZMcezFAmngcuy6k9uZ331GIVkUPqg0Rieg45B5DKjSUgcfB+CzYbVuNaw5zFVi56ROcrSGNeN8MIogCTBUwKmUfduKlZNRoRhwnFYGicSYwoSOsa9pSAOUTjZfd2qeamVkepHQJ1TmXP2byGggZRq4ejKgypfL3kz813ODwstZ7KeSgSyKs5iQXlHtzy8D4WSYAOVLH1DetZOxME4UhrDY30u4qSJzVqk5YgJB8VQTCoLpCkzwqaCgdPEVXa69XOUq6Vw0bKth31/Wmzd5zWVyTE7IGbHJFWmSO9IibQLkibyQV/JmvBufxpfxvRgtGXnmiBRg/PwCE+ay3g==</latexit><latexit sha1_base64="khxTIOYXWW1zbaw2TRmblGBqkAo=">AAACanicjVHLTsJAFB3qC/EFuDJsGtFEN6Q1JrpwQeLGpSbySKCS6eUWRqbTZmZqQhr+wa1f43f4D36E08JCwIUnmeTknHtn5p7rx5wp7ThfBWtjc2t7p7hb2ts/ODwqV6ptFSUSsAURj2TXpwo5E9jSTHPsxhJp6HPs+JP7zO+8oVQsEs96GqMX0pFgAQOqjdTGlz6M2aBcdxpODnuduAtSJwv8r3xQKVz2hxEkIQoNnCrVc51YeymVmgHHWamfKIwpTOgIe4YKGqLy0nymmX1ulKEdRNIcoe1c/d2R0lCpaeibypDqsVr1MvFPzw+XXk7j8VQxUMti1iZVsKz28stAeikmQPnKADq49VIm4kSjgPn/g4TbOrKz3O0hkwiaTw2hIJmJwIYxlRS02U7JROquBrhO2lcN12m4T9f15t1iF0VSI6fkgrjkhjTJA3kkLQLklbyTD/JZ+Laq1olVm5dahUXPMVmCdfYDm9e2Ww==</latexit><latexit sha1_base64="khxTIOYXWW1zbaw2TRmblGBqkAo=">AAACanicjVHLTsJAFB3qC/EFuDJsGtFEN6Q1JrpwQeLGpSbySKCS6eUWRqbTZmZqQhr+wa1f43f4D36E08JCwIUnmeTknHtn5p7rx5wp7ThfBWtjc2t7p7hb2ts/ODwqV6ptFSUSsAURj2TXpwo5E9jSTHPsxhJp6HPs+JP7zO+8oVQsEs96GqMX0pFgAQOqjdTGlz6M2aBcdxpODnuduAtSJwv8r3xQKVz2hxEkIQoNnCrVc51YeymVmgHHWamfKIwpTOgIe4YKGqLy0nymmX1ulKEdRNIcoe1c/d2R0lCpaeibypDqsVr1MvFPzw+XXk7j8VQxUMti1iZVsKz28stAeikmQPnKADq49VIm4kSjgPn/g4TbOrKz3O0hkwiaTw2hIJmJwIYxlRS02U7JROquBrhO2lcN12m4T9f15t1iF0VSI6fkgrjkhjTJA3kkLQLklbyTD/JZ+Laq1olVm5dahUXPMVmCdfYDm9e2Ww==</latexit><latexit sha1_base64="khxTIOYXWW1zbaw2TRmblGBqkAo=">AAACanicjVHLTsJAFB3qC/EFuDJsGtFEN6Q1JrpwQeLGpSbySKCS6eUWRqbTZmZqQhr+wa1f43f4D36E08JCwIUnmeTknHtn5p7rx5wp7ThfBWtjc2t7p7hb2ts/ODwqV6ptFSUSsAURj2TXpwo5E9jSTHPsxhJp6HPs+JP7zO+8oVQsEs96GqMX0pFgAQOqjdTGlz6M2aBcdxpODnuduAtSJwv8r3xQKVz2hxEkIQoNnCrVc51YeymVmgHHWamfKIwpTOgIe4YKGqLy0nymmX1ulKEdRNIcoe1c/d2R0lCpaeibypDqsVr1MvFPzw+XXk7j8VQxUMti1iZVsKz28stAeikmQPnKADq49VIm4kSjgPn/g4TbOrKz3O0hkwiaTw2hIJmJwIYxlRS02U7JROquBrhO2lcN12m4T9f15t1iF0VSI6fkgrjkhjTJA3kkLQLklbyTD/JZ+Laq1olVm5dahUXPMVmCdfYDm9e2Ww==</latexit>

r +
<latexit sha1_base64="QBJUttcrcXoIlQa3mDdxZLPy60M=">AAACQnicbVDNSgMxGEzqX61/rR69BIugCGVXBD14KHjxWNH+QLuUbJptQ5PskmSFsvQRvOoL+RK+gjfx6sHsdg9u60BgmPkm+TJ+xJk2jvMBS2vrG5tb5e3Kzu7e/kG1dtjRYawIbZOQh6rnY005k7RtmOG0FymKhc9p15/epX73mSrNQvlkZhH1BB5LFjCCjZUe1fBiWK07DScDWiVuTuogR2tYg+eDUUhiQaUhHGvdd53IeAlWhhFO55VBrGmEyRSPad9SiQXVXpLtOkenVhmhIFT2SIMy9W8iwULrmfDtpMBmope9VPzX80Xh5SSazDQjuiimMaWDotrPLiPKS2hMMF/6gAluvITJKDZUksX+QcyRCVHaJxoxRYnhM0swUcxWgMgEK0yMbb1iy3WXq1wlncuG6zTch6t68zavuQyOwQk4Ay64Bk1wD1qgDQgYgxfwCt7gO/yEX/B7MVqCeeYIFAB/fgEhv7Fp</latexit><latexit sha1_base64="gTexbPuNvb6lrNJe/ujR0zuPx4g=">AAACZ3icjVHdSsMwGE3r35w/2xRE8CY6BEUYrQh64cXAGy8V3Q9sZaRZuoUlaUlSoZQ9grc+jS/iI/gWpl0v7OaFBwKHc74vyXc+P2JUacf5suy19Y3Nrcp2dWd3b79Wbxx0VRhLTDo4ZKHs+0gRRgXpaKoZ6UeSIO4z0vNnD5nfeyNS0VC86iQiHkcTQQOKkTbSixxdjepNp+XkgKvELUgTFPhf+ahhXQ7HIY45ERozpNTAdSLtpUhqihmZV4exIhHCMzQhA0MF4kR5aT7QHJ4bZQyDUJojNMzV3x0p4kol3DeVHOmpWvYy8U/P56WX02iaKIpVWczapArK6iC/DEsvJTFGbGkAHdx5KRVRrInAi/8HMYM6hFnocEwlwZolhiAsqYkA4imSCGuzmqqJ1F0OcJV0r1uu03Kfb5rt+2IXFXACzsAFcMEtaINH8AQ6AIMJeAcf4NP6tmv2kX28KLWtoucQlGCf/gB3rrTm</latexit><latexit sha1_base64="gTexbPuNvb6lrNJe/ujR0zuPx4g=">AAACZ3icjVHdSsMwGE3r35w/2xRE8CY6BEUYrQh64cXAGy8V3Q9sZaRZuoUlaUlSoZQ9grc+jS/iI/gWpl0v7OaFBwKHc74vyXc+P2JUacf5suy19Y3Nrcp2dWd3b79Wbxx0VRhLTDo4ZKHs+0gRRgXpaKoZ6UeSIO4z0vNnD5nfeyNS0VC86iQiHkcTQQOKkTbSixxdjepNp+XkgKvELUgTFPhf+ahhXQ7HIY45ERozpNTAdSLtpUhqihmZV4exIhHCMzQhA0MF4kR5aT7QHJ4bZQyDUJojNMzV3x0p4kol3DeVHOmpWvYy8U/P56WX02iaKIpVWczapArK6iC/DEsvJTFGbGkAHdx5KRVRrInAi/8HMYM6hFnocEwlwZolhiAsqYkA4imSCGuzmqqJ1F0OcJV0r1uu03Kfb5rt+2IXFXACzsAFcMEtaINH8AQ6AIMJeAcf4NP6tmv2kX28KLWtoucQlGCf/gB3rrTm</latexit><latexit sha1_base64="gTexbPuNvb6lrNJe/ujR0zuPx4g=">AAACZ3icjVHdSsMwGE3r35w/2xRE8CY6BEUYrQh64cXAGy8V3Q9sZaRZuoUlaUlSoZQ9grc+jS/iI/gWpl0v7OaFBwKHc74vyXc+P2JUacf5suy19Y3Nrcp2dWd3b79Wbxx0VRhLTDo4ZKHs+0gRRgXpaKoZ6UeSIO4z0vNnD5nfeyNS0VC86iQiHkcTQQOKkTbSixxdjepNp+XkgKvELUgTFPhf+ahhXQ7HIY45ERozpNTAdSLtpUhqihmZV4exIhHCMzQhA0MF4kR5aT7QHJ4bZQyDUJojNMzV3x0p4kol3DeVHOmpWvYy8U/P56WX02iaKIpVWczapArK6iC/DEsvJTFGbGkAHdx5KRVRrInAi/8HMYM6hFnocEwlwZolhiAsqYkA4imSCGuzmqqJ1F0OcJV0r1uu03Kfb5rt+2IXFXACzsAFcMEtaINH8AQ6AIMJeAcf4NP6tmv2kX28KLWtoucQlGCf/gB3rrTm</latexit>

M
ar

non-<latexit sha1_base64="ckrGvqceoWXmKx4AU3dnnarrazg="></latexit>

! (r, ! = 0 , k = 0) = JL +
2
" i

(JR ! JL )
! r

! + i 0

dy
yM +2 f (y)

analytic mode monodromy mode

Markovian fields non-Markovian fields

! Quantize with double Dirichlet bc to compute 
generating function of correlators (1PI 
effective action)

<latexit sha1_base64="1+TcIL4orjNNzNAxPvbp1Pl+CL0="></latexit>

lim
r !" ± i 0

! = JL / R

! Difference source leads to non-normalizable 
solution manifesting the fact that we are 
integrating out moduli fields.

! Legendre transform generating function to 
obtain a Wilsonian object parameterized by 
boundary operator vevs.

<latexit sha1_base64="zLmv8WNfLS+xfYyOQQdb92oxL7s="></latexit>

lim
r !" ± i 0

(! + cterms) =
!
OL / R

"
! ! L / R

<latexit sha1_base64="5R5O7eQXTEmCLQhWRDmO/HEKkRk="></latexit>

! (! , " , k) = Gin
M

(! , " , k) Ja +
1
2

GH
M

(! , " , k) Jd

<latexit sha1_base64="Q4UNdUcJ/P6p/vc35ctqDedlPHM="></latexit>

! (! , " , k) = Gin
! M

(! , " , k) #a +
1
2

GH
! M

(! , " , k) #d

➡ non-Markovian bulk-boundary (inverse) Green’s functions obtained by analytic continuation                    . <latexit sha1_base64="tQB6d7zyKfw1LrFStGzgoHtizQw=">AAACXnicbVHLSsNAFJ1ErbVa2+pG0MVgEUSwJFLUZdGNG6GCfUATymQ6aYdOHsxMhBCy8Wvc6t+481OcpFn0dWHgcM49cM8ZJ2RUSMP41fSd3b3SfvmgcnhUPa7VGyd9EUQckx4OWMCHDhKEUZ/0JJWMDENOkOcwMnDmz5k++CBc0MB/l3FIbA9NfepSjKSixvULy0NyJjBPXlNoyQDeLhHjetNoGfnATWAWoAmK6Y4b2o01CXDkEV9ihoQYmUYo7QRxSTEjacWKBAkRnqMpGSnoI48IO8ljpPBKMRPoBlw9X8KcXXYkyBMi9hy1md+4rmXkVi1juHDFNnFUxLUTEmHEUrjiDGexoDgzFmg1gXQf7YT6YSSJjxcB3IhBVWPWNZxQTrBksQIIc6o6gHiGOMJS/UhFtWuud7kJ+nct877Vfms3O09Fz2VwDi7BNTDBA+iAF9AFPYDBJ/gC3+BH+9NLelWvLVZ1rfCcgpXRz/4B05q4Bw==</latexit>

M ! " M



HYDRODYNAMIC INFLUENCE FUNCTIONALS

✴ The influence functional schematically takes the form

<latexit sha1_base64="LIwx3bJVKxc819mAjxyo4lvt7Mc="></latexit>

SWIF [JR , JL , ! R , ! L ] = !
!

k
Jd K in

M

"
Ja +

#
nB +

1
2

$
Jd

%
!

!

k
! d K in

! M

"
! a +

#
nB +

1
2

$
! d

%
+ á á á

Markovian bdy Green’s function
non-Markovian bdy 
inverse Green’s function

non-Gaussian 
terms

✴ Linearized gravitational perturbations about planar-Schwarzschild AdS background 
(probe field coupling to stress tensor of CFT)

<latexit sha1_base64="kJcMjwYhnGrYv15Ky5oYbsO1rew="></latexit>

SWIF [! a,d , Pa,d , Ea,d ] = Sideal + ST [! a,d ] + SV [Pa,d ] + SS [Ea,d ] + á á á

moduli
sources

✴ The kernels for the moduli fields are related to dispersion relations for the linearized 
waves in the hydrodynamic system.



HYDRODYNAMIC EFFECTIVE ACTIONS

Dodelson, Grassi, Iossa, Panea Lichtig, Zhiboedov ‘22
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➡ Markovian boundary (thermal) retarded Green’s function        obtained by supersymmetric localization.
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T

✴ The ideal part is the equilibrium free energy of the black hole, along with 
hydrodynamic Class L corrections. Such contributions are adiabatic, viz., don’t 
produce entropy and are L/R factorized (verifying an earlier conjecture).

Haehl, Loganayagam, MR ‘15

✴ The remaining terms are correspond to tensor, vector (shear), and scalar (sound) 
sectors. They are of the general WIF form, with boundary  kernels:

Transverse traceless 
tensors

Transverse vectors

Longitudinal scalar



HYDRODYNAMICS FROM BLACK HOLES

✴ The codimension-1 locus where the kinetic operator for the non-Markovian fields 
vanishes defines the physical dispersion relation for the Goldstone modes.

<latexit sha1_base64="PRNfiT98HsUeQbSOGVRA/0D0Mtc="></latexit>

K in
V

= 0 = ! w = " i
q2

4
+ á á á

<latexit sha1_base64="GRxd+AvT9hunnxecFhvbnIL/LGY="></latexit>

K in
S

= 0 = ! w = ±
q

"
3

# i
q2

6
+ á á á

shear mode, momentum diffusion

sound mode, energy transport

Policastro, Son, Starinets ‘01

➡ Explicit results for the kernels and bulk solutions obtained to quartic order in boundary gradients. 

✴ On this locus the ingoing solution is normalizable, as expected. 

✴ The novel feature is that taking the Goldstone off-shell forces the non-
normalizable mode to be turned on, a signal of non-Markovian behaviour.

✴ The phonon mode has a propagating piece, which is part of the ideal fluid, but 
dissipative corrections lead to sound attenuation.  

! This behaviour is captured very elegantly in the designer field, with part of the 
solution being inherited from the Markovian minimally coupled scalar solution, 
underneath which lies the attenuation part.



EXAMPLE 2: FINITE DENSITY SYSTEM

✴ Consider a CFT at non-zero temperature and chemical potential: 
<latexit sha1_base64="Cn5tWY/TPiyYjLlM7MdjvmU+7Jo="></latexit>

! µ Tµ ! = F !" J" , ! µ J µ = 0

✴ Non-trivial dynamics, with mixing between different modes of energy-momentum 
tensor  and charge current. 
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M = 0

Two Markovian transverse traceless tensors

Two non-Markovian (shear modes) and 
two Markovian (charge propagation) 
transverse vectors

Two non-Markovian longitudinal scalars 
(energy transport and charge diffusion)
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M = 3
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M = ! 3

Dirichlet bc

Neumann bc

Neumann bc

He, Loganaygam, MR, Virrueta  ‘21 and ‘22

✴ The physical modes can be decoupled at Gaussian order and identify the 
hydrodynamic modes: shear/energy transport/charge diffusion modes.

MR, Virrueta, Zhou ‘23
✴ Generalizations: ’t Hooft anomaly contributions to hydrodynamic action 

✴ Exact correlators from semiclassical Liouville blocks.



EXACT CORRELATORS IN N=4 SYM

✴ The equations for the designer scalars are Fuchsian differential equations with 
regular singular points (the sound equation has an additional apparent singularity) 

✴ Such equations appear naturally in the study of 2d CFTs, as the large c limit of BPZ 
equation for conformal blocks.  

✴ This has been exploited to draw the connection to black hole quasinormal modes 
in a series of works. Aminov, Grassi, Hatsuda ‘20 Dodelson, Grassi, Iossa, Lichtig, Zhiboedov ‘22

Loganayagam, MR, Virrueta ‘22

✴ One can exploit this to give a uniform treatment of stress tensor retarded Green’s 
function in N=4 SYM
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The s-channel connection formula in¤3 can then be directly applied to give

GR = f (! bdy )
! ( ! 2! bdy )
! (2 ! bdy )

!
± !

" 1
2 ! ! hor + ! bdy ± "

#

!
± !

" 1
2 ! ! hor ! ! bdy ± "

# exp
$
! #! bdy W s(x)

%
, ! bdy "#

Z
2

E = x#xW s(x)

(4.10)
To be concrete, thes-channel classical Virasoro block in this context is

W s(x) =

! curv /! r ! (! )

! r c (1)

"

! bdy (x)

! hor (0)

, (4.11)

and the internal classical Liouville momentum " needs to be determined from the Zamolod-
chikov relation E = x#xW s. As explained in ¤3, the inversion of Zamolodchikov relation leads
to the following cross-ratio expansion for internal Liouville momentum " :

" (! , E) = $+
!&

k=1

" k (! , E) xk

$2 = ! 2
hor + ! 2

bdy ! E !
1
4

(4.12)

The expansion coe"cients" k (! , E) are Þxed by the expansion coe"cientsW s
k (! , " ) in classical

Virasoro block. Recall from ¤3 the Þrst two terms:

" 1 (! , E) =
W s

1(! , $)
2$

" 2 (! , E) = !
W s

1(! , $)2 ! 8$2W s
2(! , $) ! 2$W s

1(! , $)#" W s
1(! , $)

8$3 . (4.13)

We emphasize that the answer (4.10) holds universally as long as! bdy "# Z
2 ; di#erent types

of holographic thermal correlators correspond to di#erent dependence of external classical
Liouville momenta ! i and accessory parameterE on gravity parameters.

The exact quantization condition for QNMs is then given by

QNMs =
'

w

(
(
(
(
1
2

! ! hor + ! bdy ± " (! , E) = ! n, n # Z" 0

)
(4.14)

We expect that this condition continues to hold for ! bdy # Z/ 2, as there is no singular behavior
in classical Virasoro block at ! bdy # Z/ 2.
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5.2 Sound channel equation and a one-parameter generalization

The sound channel equation has an apparent singularity withs = 3. Its generalized HeunÕs
parameters are listed in table4. As the connection formula cannot be directly applied to the
! bdy = 0 case, we wish to introduce, as in the MKS case, a one-parameter generalization of
the sound channel equation where the connection formula does apply, and then argue that
the exact quantization condition for QNMs derived from the connection formula continue to
hold in the ! bdy = 0 case.

Inspired by the structure in MKS case, we choose to deform! bdy and ! curv while keeping
all other parameters Þxed. The apparent singularity condition fors = 3 in this case evaluates
to

ASC3 ! 3(4q4 + 9) ! 2
bdy " 4q4(4q4 " 3)! 2

curv (5.14)

where the proportionality factor only depends on q. We therefore introduce the following
one-parameter generalization of the sound channel equation:

! bdy = ! , ! curv = f (q)!

f 2(q) =
3(4q4 + 9)

4q4(4q4 " 3)
. (5.15)

Cases ! hor ! bdy ! r c ! curv ! x x Ex x Ex

SC i w
2 0 w

2 0 3
2

1
2 q2 " w2 " 3

2q2
1
2 + q2

3 5 + 3
2q2 + 12

2q2! 3

SCg - ! - f (q)! - - - - -

Table 4: Generalized HeunÕs parameters for sound channel (SC) and its one-parameter generalization (SCg).

We may then apply the connection formula to obtain the sound channel correlator in the
one-parameter generalization:

GR = f (! bdy )
" ( " 2! bdy )
" (2 ! bdy )

!
± "

" 1
2 " ! hor + ! bdy ± "

#

!
± "

" 1
2 " ! hor " ! bdy ± "

# exp
$
" #! bdy W(x, x)

%
, ! bdy #$

Z
2

Ex = x#xW(x, x), Ex = x#xW(x, x)

(5.16)
The classical Virasoro block here is

W(x, x) =

! curv (" )

! r c (1) ! bdy (x)

! hor (0)

"" + i 3

! ! 1,3" (x)

, (5.17)
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Jia, MR ‘24

Bonelli, Iossa, Panea Lichtig, Tanzini ’22 Lisovyy, Naidiuk ‘22



SINGULARITY STRUCTURE OF FUCHSIAN ODES

Loganaygam, MR, Virrueta ‘22
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In this case using the Matsubara normalized frequency

w =
!#
2"

, (3.24)

results in cleaner expressions, sinceT(r+ ) is more involved.19 The reader can check that (3.5)
and (3.23) are the same accounting for the translation between horizon size and temperature.
Note that we are again focusing on the largest positive root off to deÞne the horizon SP
behaviour. As indicated in footnote 14 we can carry out an analogous exercise for the other
roots, but we now will have to work with the locally deÞned (complex) temperatures if we
wish to write the expressions in terms of the dimensionless variables.

0
! r + r +

! r ! r !

ir i

! ir i

"

Figure 2: Singular points of the designer scalar equation in Reissner-Nordstr¬om-AdS5 in the complexr plane. The

roots of f are ±{ r + , r ! , i r i } , with the inner horizon at r ! = r +

%
! 1

2 +
&

1
4 + Q2, and r i =

%
1
2 +

&
1
4 + Q2.

These are depicted here forQ = 1
4 , as is a circle of radiusr ! (faint dotted curve). The conventions are as in Fig.1,

except that the origin which sometimes is an ASP is distinguished.

Since the Reissner-Nordstr¬om-AdSd+1 black hole has a di!erent causal structure, in par-
ticular a timelike singularity, the behaviour at the curvature SP is di!erent. In particular, the
characteristic exponents are 0 and 2d ! 3! M , respectively. For a minimally coupled massive

18 We are assuming the limit is taken with Q "= 0. The order of limits is important, as higher terms in
the Laurent expansions have singular behaviour in the limit Q # 0 (which makes sense since the functionf
diverges more rapidly for the charged solution).

19 Now w and w are related by a factor which is d! ( d! 2) Q 2

2 , which we prefer to avoid writing, and have hence
chosen to work with both normalizations.
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Figure 3: Singular points of the transverse photon equation in Reissner-Nordstr¬om-AdS5 in the complexr plane.
The conventions are as in Fig.2; we have now made clear that the origin is a regular SP, and indicated the Ohmic
SPs for this equation as well. Note that these lie between the inner and outer horizons [32].

3.3.3 Energy density and charge di!usion ODEs

Let us turn to the scalar sector where there are some novel features. The equations of motion
are given in (A.8) and have quite complicated expressions for the potentials. Furthermore, the
dependence on the spatial momentum again appears in a surdic form through a parameterps

deÞned in (A.9), though in a manner di!erent from that in the case of the vector perturbations.
It turns out to be useful work with ps directly, eliminating q (or k). To do so, we recall a
useful identity from [ 33]

p2
s (p2

s + 2) =
2d ! s

C2 q2 , (3.29)

which follows from the deÞnition. This can be used to simplify the function "k (whose
functional form is identical in terms of the metric function as for the Schwarzschild-AdSd+1

case (2.13)) as follows:
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We are now ready to describe the singular points of the SOLDEs forZ and V.

¥ Asymptotic SP: Both V and Z behave as designer Þelds with index 3! d. The potentials
again are irrelevant for this analysis, and these Þelds behave as non-Markovian modes with
characteristic exponents of 0 andd ! 4.

¥ Curvature ASP: The black hole singularity continues to be a singular point of the Z and
V SOLDE. The coe#cient functions at most have simple poles. SpeciÞcally,
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+ O

#
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#
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(3.31)
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When we pick the root r k2 = r Q

!
1 + p2

s
2

" ! 1
d! 2 (with phase Þxed to unity), we Þnd that

pZ has a simple pole with residue! 2, while qZ has a double pole with residue 2. The
characteristic exponents are 1 and 2, respectively. Examining the constant term inpZ we Þnd
that it is negative of the residue of qZ at its simple pole term. This guarantees the absence
of any monodromy around this SP, rendering it also to be an apparent SP. For the ÞeldV
however, we Þnd a double pole inqV at this root, with residue ! 2. This implies that the
characteristic exponents are! 1 and 2. We have checked that there is no monodromy around
this point as well. However, the solution for the ÞeldV does have a simple pole at these roots
of ! k . Ergo, the set of rootsr k2 is a genuine SP of the SOLDE.
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Figure 4: Singular points of the longitudinal scalar mode V, which is dual to the charge di!usion mode photon in
Reissner-Nordstr¬om-AdS5 in the complexr plane. The conventions are as in Fig.3. The new elements here are the
energy density SPs from thed ! 2 roots of ! k in the set r k 2, which we have labeled as{ r k 2, ør k 2} . For the latter,
we have chosen non-zero value forarg(k2) to aid with the depiction, but note that as we rotatek we can make the
SP pinch the grSK contour.

The above completes the description of the singularity structure for generic values of pa-
rameters for non-extremal Reissner-Nordstr¬om-AdSd+1 black holes. There are again features
speciÞc to Þne-tune loci in parameter space. Some of these are as before, viz.,

¥ Extremal conßuence: When we take the extremal limit, demanding that f has a double
zero at r = r+ , we convert r = r+ to an irregular SP of the equations.

¥ Energy asymptotic coalescence: As in the Schwarzschild-AdSd+1 case we have a special
situation when the spatial momentum vanishes for the energy density modeZ. Owing
to the presence of !k in the kinetic term, at k2 = 0, we Þnd coalescence of the roots of
! k which are now at the asymptotic boundary. This leaves the asymptotic singular point
regular, but changes the characteristic exponents to 1 and! d, respectively. Note that this
behaviour is not present for the charge di"usion ÞeldV, since its kinetic term does not
have a corresponding factor of !k .

¥ Matsubara ASP: As in previous equations we can tune to speciÞc frequenciesiw = n with
n " Z# 0. At these values the outgoing mode can be made regular, provided we remove
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Markovian transverse traceless 
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charge transport (longitudinal scalar)



A COMMENT ON POLE SKIPPING 

✴ For the energy density correlators in the 
Schwarzschild-AdS black hole 
background it has been observed that 
the collision of the apparent singular 
point with the horizon singular point can 
lead to the phenomenon of pole 
skipping.

✴ On a fine-tuned codimension-2 locus one finds 
an exponentially growing mode at the horizon.  
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The above completes the description of the singularity structure for generic values of pa-
rameters for non-extremal Reissner-Nordstr¬om-AdSd+1 black holes. There are again features
speciÞc to Þne-tune loci in parameter space. Some of these are as before, viz.,

¥ Extremal conßuence: When we take the extremal limit, demanding that f has a double
zero at r = r+ , we convert r = r+ to an irregular SP of the equations.

¥ Energy asymptotic coalescence: As in the Schwarzschild-AdSd+1 case we have a special
situation when the spatial momentum vanishes for the energy density modeZ. Owing
to the presence of !k in the kinetic term, at k2 = 0, we Þnd coalescence of the roots of
! k which are now at the asymptotic boundary. This leaves the asymptotic singular point
regular, but changes the characteristic exponents to 1 and! d, respectively. Note that this
behaviour is not present for the charge di"usion ÞeldV, since its kinetic term does not
have a corresponding factor of !k .

¥ Matsubara ASP: As in previous equations we can tune to speciÞc frequenciesiw = n with
n " Z# 0. At these values the outgoing mode can be made regular, provided we remove
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infalling prescription of [11]. Taking this into account, one can indeed compute (higher-point)
correlators with general Schwinger-Keldysh time-ordering, as was done already a decade ago
in [16, 17]. More recent e!orts in this direction include [ 18, 19] for non-thermal excited states,
and [20] who computed thermal 3-point functions.

One might thus ask, what does the prescription of [7] buy us, apart from perhaps the
elegance associated with writing the result in terms of a contour integral? For instance,
using this prescription it was demonstrated that a general correlation function of a class
of boundary operators could be written as an integral over a single copy of the black hole
exterior, of an integrand that is a (multiple) discontinuity [ 9, 10] (see also [21]). However,
certain assumptions3 were made in the process of deriving these statements. It transpires that
for a class of operators, the bulk vertices for the corresponding holographic Þelds involves non-
analytic vertices. Having a contour prescription allows one to disambiguate these situations,
and allows one to argue in its favour.

A simple example which explains the issue is a cubic interaction of two bulk-Þelds (say!
and " ) involving derivatives, e.g., " ! A ! ! A ! . In this case, the interaction vertex written in
a basis adapted to the analytic infalling modes has a pole at the location of the horizon. If we
were to say that the prescription involves gluing together two copies of the black hole exterior
along the codimension-1 null hypersurface (the horizon) we have a jump discontinuity in the
(null) extrinsic curvature, which requires regulating. The contour integral provides a natural
regulator, giving a clean prescription for the boundary correlator.

Another situation where one encounters something interesting corresponds to the compu-
tation of correlation functions of the boundary energy density operator. Now the integrands
involve a function " k of geometric data and spatial momentak, (2.17), whose zerosr k poten-
tially pinch the integration contour for certain values of k " C.4 This behaviour turns out to
be related to explorations in the literature regarding the contribution of the energy density
operator to the out-of-time-order correlator capturing chaotic and scrambling dynamics [22]
(see also [23] for an analysis in 2d CFTs). From a gravitational perspective the phenomenon
of interest dubbed Ôpole-skippingÕ in the aforementioned work, refers to loci in the complex
frequency # and momentum k space where the naive expectation of the correlator having a
pole turns out to be unfounded. As observed originally in [24] and elaborated upon in [25], in
the holographic context for neutral black holes, the phenomenon occurs at a codimension-2

locus in the (#, k ) space, at (#! , k! ) = 2 $i T (1,
!

2 (d! 1)
d ). The real space proÞle of the solution

is that of an exponentially growing mode at the rate set by the maximal Lyapunov exponent
%L = 2$i T , damping out spatially with a rate set by the butterßy velocity vB =

!
d

2 (d! 1) [26].
The phraseapparent quasinormal modescaptures the physical aspects of this behaviour

better [10], for, as Þrst noticed in [25] and analyzed in various other contexts in [27Ð29], at

3In [10] it was assumed that the bulk vertex functions do not introduce any additional singularities; all
singularities in the integrand can be traced back to the linearized solutions of the wave equation.

4The function has d ! 2 complex zeros on a circle of radiusr k . One of these lies between the horizon and
the boundary, at a real value of the radial coordinate, for |k| " [k! , # ) and arg k2 = ! . The lower bound k! is
the special momentum when the root is at the horizon.
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✴ For RNAdS the apparent singularity is in the energy density field for small charges, 
but transitions into the charge diffusion operator above                        
 Note that                            .   

✴ One loses the connection between the exponentially growing mode propagating at 
the butterfly velocity above this critical charge (there is no growing mode).

¥ Asymptotic SP: Both V and Z behave as designer Þelds with index 3! d. The potentials
again are irrelevant for this analysis, and these Þelds behave as non-Markovian modes with
characteristic exponents of 0 andd ! 4.

¥ Curvature ASP: The black hole singularity continues to be a singular point of the Z and
V SOLDE. The coe!cient functions at most have simple poles. SpeciÞcally,

pZ(r ) = !
d ! 3

r
+ O

!
r d! 3

"
, qZ(r ) = O

!
r 2 (d! 3)

"
,

pV(r ) = !
d ! 3

r
+ O

!
r d! 3

"
, qV(r ) = O

!
r 2 (d! 3)

"
.

(C.27)

The characteristic exponents are integral and there is no logarithmic branch cut in the
solutions. Hence, black hole singularity is an ASP of the equations for bothZ and V.

¥ Horizon SP: The behaviour ofpV and pZ is as for any other Þeld in a non-extremal back-
ground; a simple pole with residue 1! iw. The functions qV and qZ also only have simple
poles, but with a residue that is depends non-trivially on ps and S Q (or Q).

¥ Ohmic SP: The ÞeldsV and Z have Ohmic SP, since their kinetic terms are modulated by
h. The functions pV and pZ have a simple poles with residue" 2, respectively, while qV

and qZ start o" with a double pole, as can be read-o" directly from (A.12) and (A.13).

Energy density (A)SP: In the Schwarzschild-AdSd+1 analysis, we saw that the roots
of #k, which naively appear to be SPs of the SOLDEs, are actually not. We will conÞrm
this to be the case for the Reissner-Nordstr¬om-AdSd+1 equations as well, albeit in a slightly
complicated manner. Notice that the vanishing loci of #k are located at the following 2(d! 2)
points of the complex radial plane.

r k1 = r Q

#

!
p2

s

2

$ ! 1
d! 2

! d! 2 , r k2 = r Q

#
2 + p2

s

2

$ ! 1
d! 2

! d! 2 . (C.28)

The Þrst set here is continuously connected to the locations where the corresponding function
for the neutral black hole has roots, while the second set is unique to the charged black hole.

To deduce this, we ask which of the two roots can be made to lie on the ray [r + , # ) along
the real axis by choosing an appropriate phase forps. Sincep2

s $ q2 for small momentum it
follows that the Þrst set of roots connect to the neutral case. Therefore, for smallq the Þrst
set of roots lies outside the circle|r | = r+ , while the second set lies within. At large charge
however, the situation is reversed, with the exchange between them occurring at a critical
charge

S "
Q

=
1
2

, Q2
" =

d
3d ! 4

. (C.29)

When S Q < 1
2, we need to ascertain whether the Þrst set of zeros of #k lies between the

horizon and the boundary, but the question switches over to the second branch for larger
charges, with S Q = 1

2 being a critical point. For the present however, we can simply analyze
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Figure 3: Singular points encountered on complex radial plane for the various di!erential equations of interest in
the Reissner-Nordstr¬om-AdS5 background. The singular points{± r + , ± r ! , ± i r i are the roots off (r ), which along
with the point at inÞnity are SPs of all the equations of interest. The black hole singularity is not a SP in all cases,
but is for some of the equations. Additionally, we have some equations (transverse vector perturbations of the gauge
Þeld) for which the roots off "(r ) located at ± r Q are also singular. Finally,r k 2 and ør k 2 are the roots of! k which
are regular SPs of the Þeld dual to the charge di!usion operator.

more, from the value of the momentum at which the outgoing mode remains analytic, we
recover the butterßy velocity. We conclude that by Þne-tuning parameters, the energy den-
sity Þeld can have a putative exponential growing mode, which is analytic at the horizon,
with the wavefunction in the boundary directions behaving as

exp
!

2!T
!

v !
|x |
vB

""
, vB =

#
d ! (d ! 2) Q2

2 (d ! 1)
, 0 < S Q <

1
2

. (3.6)

This is indeed the expected value of the butterßy velocity for a AdS black hole [35]. For this
range the charge density Þeld has a non-analytic outgoing mode at the horizon.

For S Q > 1
2, however, something very di!erent occurs. In this range of charges we can

tune rk2 = r+ by choosing the momentum appropriately. We Þnd that energy density mode
Z is always non-analytic at the horizon, for there is no choice of frequency that makes the
outgoing mode regular. However, the horizon can be made into an apparent singularity for
the charge di!usion mode, albeit at a di!erent frequency, " = ! 2!i T . This frequency leads
to an exponentially damped mode, that cannot be identiÞed as having to do with any kind
of Lyapunov behaviour (and thus with the chaotic behaviour of the OTOC).

This change in behaviour of the Þelds the horizon occurs forS Q = 1
2, which translates

to a Reissner-Nordstr¬om-AdSd+1 black hole having a charge parameter

Q# =

#
d

3d ! 4
. (3.7)

The parameterization of the metric in (C.13) with 0 " Q "
$

d
d! 2, the upper limit corre-

sponding to the extremal solution. When the charge of the black hole is smallQ < Q #, the
behaviour we Þnd for the energy density modeZ is analogous to that for a neutral black
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SUMMARY & OPEN QUESTIONS

✴ grSK geometry computes real-time correlators, consistent with Schwinger-Keldysh 
and KMS constraints, in the thermal state of the dual CFT.   

✴ Derivation of Open EFTs for couplings to both short-lived and long-lived operators. 
Wilsonian influence functional parameterized by sources for the Markovian modes, 
and non-Markovian moduli is the physical framework to obtain local open EFTs.  

✴ Holography is a useful paradigm for exploring the structural aspects of open QFTs, 
and has been especially instructive to disentangle the physics of long-lived modes. 
Provides a derivation of hydrodynamic effective actions from gravitational dynamics. 

✴ Non-linear (in amplitude) solutions incorporating fluctuations? 

✴ Schwinger-Keldysh in gravity for non-equilibrated states?  

✴ Gravitational computation of out-of-time-ordered observables?

Open Questions:



FLUID/GRAVITY VS GRSK OBSERVABLES

✴ Constructs non-linear gravitational 
solutions parameterized by 
hydrodynamic data.

Fluid/gravity correspondence Hydrodynamic grSK observables

✴ Sacrifices rotational invariance, since 
different polarizations have physically 
different behaviour.

✴ Engineered to capture the dissipative 
dynamics, notably the 1-point function 
of the stress tensor.

✴ Preserves full rotational invariance 
along boundary.

✴ Works to linear order in amplitudes, 
but captures retarded response and 
associated stochastic (Hawking) 
fluctuations.

✴ Aimed at answering: ``What is the 
gravity dual of a fluctuating plasma?”

✴ The ingoing part of the grSK solution is a small amplitude expansion of the fluid/
gravity. Full solution is parameterized by the selfsame bulk functions, suggesting it 
should be possible to bootstrap to the non-linear solution.

✴ In both scenarios, the hydrodynamics is off-shell.

Bhattacharyya, Hubeny, Minwalla, MR ‘07



FURTHER COMMENTS ON HYDRODYNAMICS

✴ Hydrodynamic long-time tails, which lead to breakdown of hydro EFT are an artifact 
of working with 1PI effective action. The physical framework should not integrate out 
the Goldstone modes, and instead work with the WIF. Kovtun ‘12

✴ Hydro EFTs constructed in recent years focus on writing down actions which are 
designed to give conservation equations from a dynamical principle. Achieved by 
regarding the physical degrees of freedom in sigma model terms, mapping an 
auxiliary reference manifold into the fluid. EFT is constrained by Schwinger-Keldysh 
and KMS symmetries formulated as a topological BRST symmetry.
Kovtun, Moore, Romatschke ‘14 Haehl, Loganayagam, MR ’15-‘18 Crossley, Glorioso, Liu ’15-‘16 Jensen, Pinzani-Fokeeva, Yarom ’17-‘18

✴ Gravitational derivation trivializes the conservation equation but takes the physical 
Goldstone mode off-shell.  

✴ One has to allow the background to adjust itself while taking the Goldstones off-shell 
(viz., off-shell non-Markovian modes turn on non-normalizable modes) 

✴ The two formulations are related by a field redefinition, since they lead to the same 
physical answers, but the precise dictionary remains to be fully fleshed out.



Th ank Y ou !
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