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Shall we quantize fluids?
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• Classical physics is an approximation — quantum theory is fundamental.

• Most systems quantize smoothly: oscillators, atoms, fields.

• Perfect fluids defy this path:
– Vorticity modes have ω = 0 for all k
– No separation of UV and IR scales
– Quantum fluctuations remain relevant at all scales

• A challenge to EFT — and a chance to go beyond it.

• Could quantum fluids define a new universality class?

Rattazzi et al.

Landau

It seems that properties of perfect fluids are very similar to fractonic phases 
of matter. We will give some more direct evidence of the connections 

between the two later. 



When weakly-interacting bosons condense they form a superfluid, 
spontaneously breaking global internal U(1)-symmetry. The resulting 

Goldstone mode is the zero-sound mode of the superfluid, and it is a single 
free massless mode described by a scalar field. The partition function for the  

relativistic zero-sound mode is
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cph is the phase velocity of the superfluid condensate

This low-energy theory admits a dual formulation as a U(1) gauge 
theory, reflecting the redundancy associated with local phase 
redefinitions of the condensate, called particle-vortex duality.

Particle-vortex duality
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In most elementary treatments of field theory, the concept of a gauge theory
plays a central role. What, then, is a gauge theory? At first, this seems to

be a silly question: clearly, a gauge theory is a theory with a gauge field. For

example, in three spacetime dimensions we can study free electrodynamics, with

action

Sgauge theory[A] =
1

4g2

∫
d3xFijF

ij , Fij = ωiAj → ωjAi.

This is obviously a gauge theory. However, in three dimensions it is well known

that one can dualize this theory, i.e. rewrite it in terms of a massless scalar field

ε using the change of variables

1

g2
Fij = ϑijk ω

kε,

and then write down an action describing the system in terms of the new scalar

field as

Sgauge theory[ε] =
g2

2

∫
d3x (ωiε)(ω

iε).

The above theories are equivalent, but simply expressed in di!erent variables.

The idea that a free massless scalar in three dimensions could qualify as a gauge

theory feels paradoxical, and yet the duality seems to make it work.



'(x) = 'smooth(x) + 'sing(x).
I
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where @S is the contour of integration that encloses the singularity, and N is
the winding number of the quantized vorticity.

For a vortex of winding number N we have by Stokes' theorem
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We have defined the vortex current.

 Conjecture: every field theory of Goldstone bosons has a dual gauge theory 
representation. 

Phase is a compact variable originating from and a change by 2π 
brings it back to its original value. Such windings of the phase 
variable correspond to vortices. To incorporate the vortices, we must 
treat the phase, having both smooth and singular contributions



Elasticity R R= 0+u

R0

⇢(x) =
X
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h⇢(x)i =
X

G

h⇢G(x)i exp(iGax)

Let ⇢(x) be the mass density at position x in a d-dimensional space. In classical
systems with a single species of atoms of mass m located at positions xa

In quantum mechanical systems positions and density are operators. In periodic
solids, h⇢(x)i is a periodic function of x satisfying h⇢(x+R)i = h⇢(x)i for every
vector R in some periodic lattice. Periodicity in coordinate space implies that
h⇢(x)i can be expressed as a discrete Fourier sum

h⇢G(x)i = |h⇢G(x)i| exp[iGaua(x)] ⌘ |h⇢G(x)i| exp[i�G(x)]

h⇢G(x)i is a complex number with an amplitude and a phase



~u(~x, t)

~x0(t) = ~x(t) + ~u(~x, t)
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At distances large compared to the lattice constant, one can define a 
displacement field

such that

Microscopically we require invariance under rotations h⇢(xi + !ijxj)i = h⇢(x)i,
which can be also describe as a phase transformation ui = !ijuj . In the absence
of external stresses the free energy is invariant with respect to uniform transla-
tions and uniform rotations. This implies that it does not depend on u(x) and
@iuj � @jui

One is left with a symmetries strain tensor



Topological defects - dislocations

A dislocation is a half-line insertion, indicated 
by the dashed red line. Its topological charge 

is a Burgers vector, indicated by an arrow. 
This charge can be picked up by traversing a 
contour around the defect as indicated by the 

dotted line.

I

@S
dxm@mua = Ba.

The deficient lattice displacement is a vector quantity called the Burgers 
vector

A dislocation introduces torsion



Topological defects - disclinations

The topological defects associated with 
rotational order are called disclinations.

I

@S
dxm@m✏c1···cD�2ab
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2
!ab = ⌦c1···cD�2 .

The topological charge is obtained by the angle of rotation in parallel 
transporting of a vector around the disclination core. It is called the Frank 

angle or tensor

A disclination introduces curvature



Equivalence between a 
disclination and a stack of 

dislocations

A dislocation, a dipole of two, 
opposite charge disclinations. 

Since to have a disclination involves much more material inserted or 
removed than to have a dislocation, it is energetically much more costly. In 
practice, in a crystal one never finds isolated disclinations. One may find 
bound disclination--antidisclination pairs which actually corresponds to 

dislocations.



Curvature and torsion

A dislocation can be viewed as a bound 
dipole of a positive and a negative 

disclination. Under parallel transport, a 
disclination dipole produces no net 

rotation but a finite translational mismatch
—revealing a dislocation and the 

emergence of torsion.

As an example of a crystal on a 
curved manifold, we start with a 
sphere. Curvature is visible by 

the necessity of including 
pentagons in a hexagonal lattice, 

which unfolded on a plane 
shows angle deficiency.
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Figure J.-F. Sadoc 



Glide constraint
One important additional property of a crystal is that in the absence of vacancies and 
interstitials a dislocation can only move along its Burgers vector, can glide but is unable 
to climb.

Q2 =

Z
xix

i⇢ =

Z
Ei

i =

Z
@iu

i =

Z
⇢vac .

Thus, if the total number of vacancies,
R
⇢vac, remains constant in time, then so

does Q2. Conservation of Q2, on the other hand, implies that the dipoles can
only move perpendicular to their dipole moment. The motion along the dipole
moment changes Q2 because it requires adding an interstitial or a vacancy.

ImmobileConstrained to glide



Dual elasticity

S[ui] =

Z
dtd2x

h
u̇iu̇i � Cijkluijukl

i
,

The action (or free energy at finite temperature) is

where Cijkl is a tensor of elastic moduli.

The equation of motion takes the form of a conservation law for momentum

Ṗ i + @jT
ij = 0 , @µT

iµ = 0 .

Next we reformulate the partition function in terms of the dual variables by 
essentially performing a Legendre transformation

S[P i, T ij , ui] =

Z
dtd2x

h
PiP

i + C�1
ijklT

ijT kl + ui(@µT
iµ)

i
.

Kleinert, Pretko, Radzihovsky



we split the displacement filed into the smooth and singular part and 
perform integral over the smooth part.

Z =

Z
DP iDT ijeiS[P i ,T ij ]!

�
" µT

iµ
�
.

We are going to resolve the constraint by introducing a tensor gauge field

Tiµ = ! µ !" " ! Ai
" .

The formulation contains the gauge redundancy of the stress tensor

! Ai
µ = " µ #i .

It is convenient to define the generalized electric and magnetic fields

B i = ! kl " k Ai
l , E i

j = ! i
k (! " 0Ak

j + " j ! k ) .

The momentum and stress tensor map to the vector magnetic field and 
tensor electric field

Pi = B i , T ij = ! i
k ! j

l E kl .



Mapping to defects

! vac = " i ui , ! i
disl = #kl " k " l ui , ! disc = #ij " i " j $ .

Upon the duality transformation the defect densities map onto the densities 
of dual charges.

ú! + " i " j J ij = 0 .

! Svortex =
!

dtd2x
"
ui

sing " µ T iµ
#

=
!

dtd2x
"
#i ! i + J ij Aij

#
,

The gauge transformation implies

We can take a trace of the continuity equation to see the constraint on the 
dipole motion. The theory is fractonic.

<latexit sha1_base64="yswgNHHxErXuUeNRLImgGXavS/o="></latexit>

! i = "i
j "kl #k #l u

j
sing and J ij = "i

n "µ ! j #µ #! un
sing .



This conservation of particle number is expressed in hydrodynamics as conservation of mass, 
by the continuity equation

We are still one equation short to have a complete system. We add entropy conservation 
equation, which can be expressed as energy conservation using thermodynamics

Another equation is the equation of motion of a fluid element. This equation can be 
written as a momentum conservation equation.

From solids to fluids: hydrodynamics 
- theory of conserved quantities

Rewriting we get the Euler’s equation

! t " + ! i (" ui ) = 0

! t (" ui ) + ! j Tij = 0 Tij = p! ij + " ui uj

! t

!
" +

#u2

2

"
+ ! i

#!
w +

#u2

2

"
ui

$

!
"#u
" t

+ !#u á! #u = "! p + $! 2#u
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Superßuid helium (He II) consists of two interpenetrating components:

¥ Superßuid component (! s): zero viscosity, no entropy, dissipationless
ßow

¥ Normal component (! n ): viscous, carries all entropy, behaves like a
classical ßuid

Total mass density:

! = ! s(T) + ! n (T)

Key Predictions:

¥ Thermomechanical e! ects (fountain e! ect, thermal counterßow)

¥ Existence of two independent velocity Þelds

¥ Second sound: propagating temperature/entropy wave

Two-fluid model of superfluidity
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As a motivation for the development of dual gauge theory description for
ßuids we start with the correspondence that emerges between equations of linear
elasticity and the StokesÕ equations in hydrodynamics.

For incompressible viscous liquids, the equations are:

! áúu = 0 ,

! ¬u = "! p + " ! 2 úu.

Conversely, isotropic, incompressible elastic solids are described by:

! áu = 0 ,

! ¬u = "! p + G! 2u,

highlighting the elastic restoring forces characteristic of solids, contrasting with
the viscous damping seen in ßuids. Under oscillatory forces the equations be-
come:

" !# 2 ÷u = "! ÷p + i#" ! 2 ÷u,

" !# 2 ÷u = "! ÷p + G! 2 ÷u,

with the key distinction lying in the nature of the shear modulus: imaginary
for ßuids and real for solids. We see that the form of elastic and linear ßuid
equations is exactly the same provided that we substitute elastic coe! cients
with viscosities. Therefore we conclude that upon the above substitution the
dual gauge theory equations in elasticity will describe Stokes ßows.



Lagrangian 
picture

Fluid space
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! I ! ! I + aI , aI = const

! I ! RI
J ! J , R " SO(3)

! I ! " I (! J ) , det
#" I

#! J = 1 .

Symmetries

Diffeomorphism symmetry
NicolisArnold
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The ßuid four-velocity is deÞned as

uµ =
1
b

J µ ,

where J µ = 1
2 ! µ !" ! IJ " ! #I " " #J and b =

!
! J µ J µ = b0[1 + " b$b + O(" 2)].
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We consider a superßuid characterized by its phase Þeld,! , which signiÞes
the Goldstone mode resulting fromU(1) symmetry breaking. Concurrently, we
include analogous Þelds relevant for the description of the normal component
to describe interactions within the two-ßuid medium. In a setting that is both
isotropic and homogeneous, the description of these Þelds is presented as follows:

! (x) ! t + " 0(x),

#I (x) ! xI + " I (x),
<latexit sha1_base64="g1rNiMs2EbNXEk5MusCY4oP0804="></latexit>

To analyze the dynamics under small perturbations, one expands the Lagrangian
to second order in the perturbations! 0 and "! , resulting in the following quadratic
Lagrangian describing relativistic ßuids

L =
1
2

!
K N

ú"! 2 ! GN ( "" á"! )2"
+

1
2

!
K S( ú! 0)2 ! GS( "" ! 0)2"

+ M ( "" á"! ) ú! 0.
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Sdual =
1
2

!
d2xdt

"
G! 1

S E2
i !

1
C1

B2 + ÷D ! 1Eii Ekk ! K ! 1
N B 2

i +
1

C3
Eii B

#
.

Dual action
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Conservation equations for vortices

! t " + ! i Ji = 0 , ! t ÷" + ! i ! j ÷Jij = 0 .

The theory conserves the dipole moment of vorticity and one-
component of the quadrupole moment. This is analogous to point 
vortex dynamics. One vortex is immobile. Two vortices with 
opposite sign of vorticity move along a line. 

<latexit sha1_base64="+NrXabY1O4L5HcstLB++nyzXWbM="></latexit>

Couplings are known expressions of the original coupling. Weak-strong coupling
duality.



Correspondence between defects

Dislocation =
Disclination-

antidisclination pair

Vortex

Disinclination

Vortex-antivortex 
pair

Figure from Doshi, Gromov



Vortex pair (non-relativistic)



Conclusions

A lot of progress in understand hydrodynamic 
and quasi-hydrodynamic theories with intrinsic 
symmetries

Lessons from elasticity theory

New examples of spontaneous symmetry 
breaking

New insights into defect dynamics

Thank you!


